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Abstract

Phillippe de Groote has introduced a new grammar formalism called Abstract
Categorial Grammars (ACGs) based on simply typed linear lambda calcu-
lus. Not only can ACGs explain various problematic linguistic phenomena
in elegant ways, but also they encode mildly context-sensitive formalisms
in straightforward ways. This thesis is concerned with the mathematical
properties of some simple extensions and restrictions of ACGs. In particu-
lar, the aspect of ACGs as a generalization of well-established grammar for-
malisms including those mildly context-sensitive formalisms is investigated.
Extensions and restrictions of ACGs that we discuss are non-linear ACGs,
lexicalized forms of ACGs, and two-dimensional ACGs.

While the linearity constraint on ACGs is considered reasonable for sev-
eral reasons, non-linear A-terms enable ACGs to represent some linguistic
phenomena in a more natural fashion. We show that relaxing the linearity
constraint by allowing vacuous A-abstraction does not increase the expressive
power of ACGs. Our conversion entails that allowing or disallowing deleting
rules in some existing grammar formalisms does not change their generative
power.

Although the origin of ACGs is located in a history of categorial gram-
mars, ACGs are not necessarily lexicalized grammars by definition, unlike
usual categorial grammar formalisms. Not only from the lexicalist’s point of
view but also from a computational point of view, the restriction to lexical-
ized ACGs is an important issue. We show that some subclasses of ACGs
admit lexicalization in the sense that each grammar in one of these sub-
classes can be converted into an equivalent lexicalized grammar belonging to
the same class.

Two-dimensional extensions of ACGs define relations among languages
generated by ACGs, and are able to model the relations between sentences
and their meanings of natural language. We investigate the generative capac-
ity of two-dimensional ACGs through encoding some well-known tree trans-
ducers.
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Chapter 1

Introduction

One important attractive feature of so-called categorial grammars as a tool
for modeling natural language is that a sentence and its meaning are derived
from one common proof in the underlying logic. However, several linguistic
phenomena are found that cannot be explained by the Lambek Grammar [29],
which is the most representative categorial grammar formalism. Among sev-
eral modifications (e.g., Morrill [37], Moortgat [35,36], Oehrle [40,41]) of the
Lambek Grammar, de Groote [15] has introduced a new grammar formalism
called Abstract Categorial Grammars (ACGs), which is based on the impli-
cational fragment of the linear logic. De Groote’s approach is essentially
the same as Oehrle’s, but the ACG formalism radically simplifies Oehrle’s
formalism. While in Oehrle’s formalism, the underlying logic contains the
conjunction and word forms are represented by a special kind of typed -
terms, ACGs represent word forms and meanings as well as the derivation
structures for them by simply typed linear A-terms. While Muskens [38] has
independently proposed a formalism almost equivalent to ACGs, we deal with
ACGs because of their formal simplicity and tractability for mathematical
discussion.

ACGs have a number of theoretically and linguistically attractive fea-
tures as a grammar formalism for natural language. Although ACGs are
not a variety of Lambek grammars, they inherit the virtues of categorial
grammars. Moreover, ACGs give elegant explanations for several linguistic
phenomena that cannot be treated well by Lambek grammars, such as the
ambiguity of the scopes of quantifiers in a sentence like “every man loves
a woman”. While usual categorial grammars treat word forms and mean-
ings asymmetrically, ACGs treat word forms as A-terms as well as meanings.
This simplification enables ACGs generate diverse types of languages, be-
cause typed A-terms, which constitute the languages of ACGs, can represent
diverse types of data including not only strings and meaning representations,
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but also trees, lists, and so on. Besides, the simply typed linear lambda cal-
culus has been studied very well so far. Hence we have plenty of useful tools
for investigating the mathematical properties of ACGs.

The mathematical properties of ACGs have close relationship with so-
called muldly context-sensitive grammars rather than usual categorial gram-
mars. Since some linguistic phenomena, such as cross-serial dependencies
in Dutch, were found that cannot be captured by context-free grammars
(CFGs), several cautious extensions of CFGs, called mildly context-sensitive
grammars, have been proposed and studied. Some formalisms are known to
be equivalent; classes of languages defined by combinatory categorial gram-
mars, head grammars, linear indexed grammars, and tree adjoining gram-
mars (TAGs) are all equivalent [22,55,56]. Moreover, linear context-free
rewriting systems (LCFRSs), multiple context-free grammars, minimalist
grammars, and multi-component TAGs (MCTAGs) define the same class of
languages [33,34,49, 56]. Recent studies [16,18,19,58] on ACGs have shown
that ACGs are powerful enough to encode those types of mildly context-
sensitive grammars. They have presented straightforward encodings of CFGs,
TAGs, non-deleting non-duplicating context-free tree grammars (CFTGs),
LCFRSs, MCTAGs, where derivation structures in the original grammar are
preserved. For instance, the ACG encoding a TAG generates derived trees
through A-terms encoding derivation trees of the TAG. Moreover, de Groote
and Pogodalla [19] implicitly introduce a hierarchy of ACGs according to
the complexity of A-terms and types appearing in each ACG, and then asso-
ciate the variety of context-free formalisms, namely, CFGs, non-deleting non-
duplicating CFTGs, and LCFRSs, with the hierarchy of ACGs. In this sense,
the ACG can be thought of as a generalization of mildly context-sensitive for-
malisms. To study ACGs would be to study those well-established grammar
formalisms. In fact, de Groote and Pogodalla [19] state “Abstract Categorial
Grammars . . . should rather be seen as the kernel of a grammatical framework
...in which other existing grammatical models may be encoded”.

This thesis is devoted to studying the mathematical properties of some
extensions and restrictions of ACGs. In particular, the aspect of ACGs that
generalizes well-established grammar formalisms is investigated. Through
discussion on the three main issues of this thesis, elimination of deleting op-
erations, lexicalization, and two-dimensional formalisms, it is demonstrated
that ACGs can be thought of as a generalization of existing grammars in
various senses.

Elimination of deleting operations.

Preceding research on several grammar formalisms have shown that delet-
ing operations in a grammar can be eliminated preserving the language. We



show that a similar result holds for ACGs, which generalizes the results by
preceding research on elimination of deleting operations in some grammar
formalisms.

Lexicalization.

A grammar is called lezicalized if each of its lexical entries that contribute
to deriving an element of the language contains an item that explicitly ap-
pears on the surface of the derived structure. We show that a certain subclass
of ACGs admits lexicalization. As Schabes [47] has shown that every finitely
ambiguous ACG can be lexicalized as a TAG, our lexicalization method con-
verts the ACG encoding a CFG into the one encoding a lexicalized TAG as
a string generator.

Two-dimensional formalisms.

Not a few grammar formalisms, which define languages, have been ex-
tended into two-dimensional formalisms, in which grammars define relations
between two languages. We present some encoding methods for existing
two-dimensional formalisms by two-dimensional ACGs.

Overview of This Thesis

In the next chapter, we give a formal definition of ACGs and see basic math-
ematical properties of ACGs as well as the results on ACGs obtained by
preceding research. In particular, it is shown that if the universal mem-
bership problem or the non-emptiness problem of ACGs is decidable, then
so is the multiplicative exponential fragment of the linear logic, which is in
open, and that non-semilinear languages can be generated by ACGs. Those
results might imply that ACGs have too much powerful generative capacity
and intractable computational complexity for modeling natural language, so
finding an appropriate restriction on ACGs is desired.

Chapter 3 is concerned with non-linear extensions of ACGs. While ACGs
are based on the simply typed linear lambda calculus, admitting non-linear
A-terms as lexical entries may allow ACGs to describe linguistic phenomena
in a more natural and concise fashion. On the other hand, preceding research
concerning mildly context-sensitive grammars has shown that deleting oper-
ations in grammars can be eliminated preserving their languages. Namely,
Seki et al. [49] have shown that every multiple context-free grammar (MCFG)
has an equivalent LCFRS, which can be thought of as an MCFG that has
no deleting operations, and Fujiyoshi [10] has established the equivalence
between non-duplicating monadic CF'TGs and non-deleting non-duplicating
monadic CFTGs. Along this line, we show that the generative capacity of
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the usual ACGs is equivalent to that of the more liberal type of ACGs called
affine ACGs, where vacuous M-abstraction is allowed. Our conversion from
an affine ACG into an equivalent linear ACG derives the results by Seki et al.
and by Fujiyoshi as corollaries. This demonstrates that not only individual
mildly context-sensitive grammars are encodable by ACGs, but also some
transformations of grammars can be encoded in the ACG formalism.

In Chapter 4, we focus on lexicalized ACGs. A grammar is called lex-
icalized if each of its lexical entries that contribute to deriving an element
of the language contains an item that explicitly appears on the surface of
the derived structure. From the point of lexicalists’ view, which thinks that
linguistic phenomena should be accounted for by the inherent information in
the lexical entries, to be lexicalized is a natural requirement. Schabes [47]
has shown that every finitely ambiguous TAG admits lexicalization. Besides,
because each production of a CFG is encoded as a lexical entry in the ACG
encoding the CFG, a CFG in Greibach normal form can be considered lexi-
calized. While usual categorial grammars are lexicalized by definition, ACGs
are not necessarily lexicalized. We first show that the universal membership
problem for lexicalized ACG is NP-complete. This result contrasts with the
one for general ACGs and suggests that the restriction to lexicalized ACGs
may be preferable from the point of view of computational complexity as well
as of lexicalism. Meanwhile, Salvati has introduced the notion of semilexi-
calized ACG's by relaxing the notion of lexicalized ACGs and shown that the
languages generated by semilexicalized ACGs are in NP. His result suggests
that the generative capacity of semilexicalized ACGs is not very much richer
than that of lexicalized ACGs. The main result of Chapter 4 is lexicaliza-
tion of semilexicalized ACGs. We show that each grammar in one level of
the ACG hierarchy can be converted into an equivalent lexicalized grammar
belonging to the same level if the level is higher than a certain level. Our lex-
icalization, however, generalizes neither lexicalization of TAGs nor Greibach
normalization of CFGs, since the ACGs encoding TAGs or CFGs are located
at a lower level than that level. Nevertheless, the fact that our lexicaliza-
tion method converts ACGs encoding CFGs into lexicalized ACGs of the
form encoding TAGs as string generators has a certain correspondence with
Schabes’s lexicalization method that lexicalizes finitely ambiguous CFGs as
TAGs.

Chapter 5 is devoted to investigating the generative capacity of two-
dimensional ACGs. Lambek grammars are two-dimensional grammars in
the sense that they generate pairs of a sentence and its meaning. Although
the ACG formalism is designed to be easily extended into a two-dimensional
formalism, there is little research on the mathematical properties of two-
dimensional ACGs. In order to evaluate the generative capacity of two-



dimensional ACGs, we present encoding methods that convert several ex-
isting two-dimensional formalisms, which define relations between two lan-
guages, into two-dimensional ACGs. In particular, a precise characteri-
zation of the class of non-deleting non-duplicating macro tree transduc-
ers [2,6] is given in the ACG hierarchy. Besides, it is shown that synchronous
TAGs [50, 53] are encodable by two-dimensional ACGs. These results show
that the ACG formalism generalizes existing two-dimensional formalisms as
well as one-dimensional formalisms. On the other hand, we show that sev-
eral properties of usual one-dimensional ACGs hold also for two-dimensional
ones. In particular, as Salvati has shown that a part of the hierarchy of
one-dimensional ACGs collapses, we show that the corresponding part of the
hierarchy of two-dimensional ACGs also collapses through encoding deter-
ministic tree-walking transducers [1] by two-dimensional ACGs.

The subject of Chapter 6 is a restricted kind of higher-order matching.
The higher-order matching problem is an important topic in computer sci-
ence. Parsing with ACGs has a close connection with a special form of the
higher-order matching problem called linear interpolation. We show that lin-
ear interpolation is NP-complete. While each variable occurs exactly once in
a linear A-term, the number of occurrences of constants are not restricted. It
is natural to ask whether the NP-hardness of linear interpolation still holds
when we exclude multiple occurrences of constants from linear A-terms. We
answer the question in the affirmative.






Chapter 2

Abstract Categorial Grammars

2.1 Definitions and Notations

& is the empty set, ¢ is the empty string, Z is the set of integers, N is the
set of non-negative integers. | X| denotes the cardinality of X if X is a set,
and the length of X if X is a sequence. The sequence consisting of elements
Xi, ..., X, in this order is denoted by (Xj, ..., X,). If no confusion occurs,
in particular if each X; is not a sequence, we sometimes write X; ... X, for
(X1,...,X,). If Y denotes (Yi,...,Y), Xy.. . X,,YZ,...7 should be read

as (Xp,...,X,,Y1,... Ym,Zl,.. ,Z;) and so on. Xj...X,, is said to be
a subsequence of a sequence Y 1f there are some p0851bly empty sequences
YO, .. }7 such that Y = YoXlYng Ym 1Xom Y For a fixed index set [
and a set represented as S = {X; | ¢ € I}, we write (X; € S| ¢(i)) (or
(Xi)(:)) for an appropriate sequence of X; such that ¢(i) holds, if the order
of the elements is determined uniquely from the context, or can be arbitrarily
determined. Standard language-theoretic notions like concatenation, Kleene
star (x), homomorphism etc. are defined as usual.

2.1.1 Lambda-Terms

Types Let &7 be a finite non-empty set of atomic types. The set T (/) of
types built on 7 is defined as the smallest superset of .o/ such that

o if a, €T (), then (a« — () € T(H).

For aw € T(47), |a| represents the number of occurrences of atomic types
in a. The set ST () of positive subtypes of a type «, the set ST~ (a) of
negative subtypes of a type a, and the set ST («) of subtypes of a type a are
defined as follows:
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e STH(p)={p}, ST (p)=@ forpec o.

o ST ((a = B)) = {(e = B)} USTT(B) UST (a), and ST ((a —
B)) =S8T (B)UST (o).

o ST(a) = ST (a) UST ().
Let ord : 7(&/) — N be defined as
e ord(p) =1 forall p € o,
e ord((a — 3)) = max{ord(a) + 1,ord(3)}.

We say that a type « is n-th order if ord(a)) < n. We use o, p, q, r, s for atomic
types and early lower case Greek letters a;, 3,7, ... for types unless otherwise
noted. We write ay — --- — a,, — (3 for (ay — (- — (o, — ) ...)) and
ifd =a...a,, @ > [ means a;y — -+ — «a, — . o — 3 stands for
a—---— o — [. A second-order type a € T (/) is said to be n-ary if

n-times

a=p; — -+ — p, — q for some p;,q € &/. Thus an atomic type is called a
nullary second-order type.

Higher-Order Signatures A higher-order signature ¥ is a triple (<7, €', T)
where o7 is a finite non-empty set of atomic types, % is a finite set of
constants, and 7 is a function from € to 7 (/) called a type assignment.
We say that a higher-order signature 3 is n-th order if ord(X) < n where
ord(¥) = max{ord(7(a)) | a € €}. When we write 3, ¥/, ¥; etc. to de-
note higher-order signatures, we assume > = (&, ¢, 71), ¥ = (', €', 7'),
Y = (o, 6;,7;) and so forth.

Lambda Terms Let 2 be a countably infinite set of variables. The set
AR(X) of A-terms (terms for short) built upon ¥ and the type 7(M) of a
term M € AX(X) are defined inductively as follows:

e For every a € ¢, a € AX(X) and 7(a) = 7(a).
e Forevery r € 2 and a € T (), z* € AX(Z) and 7(2%) = a.

e For M, N € AK(X), if #(M) = (o« — 3), 7(N) = «, then (MN) €
AX(X) and 7((MN)) = 3.

eforrx € 27, a € T(&) and M € AK(Z), (A\z*.M) € AX(X) and
(M. M)) = (a — 7(M)).
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We assume that every occurrence of a variable x in one term has the same
type; e.g., AxP.aP~9xP is disallowed. Constants and variables are called
atomic terms, terms of the form (M N) are called application terms, terms
of the form (Az*.M) are called abstraction terms. For convenience, we sim-
ply write 7 instead of 7 and often omit the superscript on a variable if its
type is clear from the context. We write M, ... M, for ((... (M1 Ms)...)M,),
Azxy ...z M for (Azy.(Azy....(Ax,.M)...)), and soon. If ¥ =z;...x, and
M = M ... M,,, then )\f.MOM represents the term A\zq ... x,.MqM; ... M,,.
The notions of free variables, closed terms, S-normal form, gn-normal form,
n-long form, are defined as usual (see a standard text book, e.g. [20]). A
term M is a combinator iff M is closed and M contains no constants. The
head of M is the atomic term x if M = AZ.xM. In a term xM, . .. M,,, each
occurrence of M; is said an argument of the head occurrence of x, and con-
versely the functor of the occurrence of M; is the head occurrence of x. We
often say that a term M is k-th order (k-ary) if 7(M) is k-th order (k-ary).

A capture-avoiding substitution of a term M for a free variable x is de-
noted by [M/z]. When & = x1...2, and M = M, ... M,, [M/Z] means
the simultaneous substitution [M;/xy, ..., My, /x,]. [M;/;]4;) means the si-
multaneous substitution [(M;)4@)/(%i)e]. For a substitution o, No denotes
the term obtained from N by applying the substitution and Azyz. LM No
means Azyz.((LMN)co). A substitution that may capture free variables
is denoted by [x := M]. Thus, A\z.ylx/y] = \v.x, Azy)lx/y] = Az.x,
(Ax.y)[y := x] = A\z.z, and so on.

As usual, let =3, =g, =35, = denote (-reduction, 3-equality, 5n-equality,
and a-equality respectively. A long normal term means a n-long G-normal
term. The Bn-equality is often simply written by =. |M|g, |M|g, and Fv(M)
respectively represent the (-normal form, Sn-normal form, and the set of
free variables of M. We use upper case italic letters M, N, P, ... for terms,
late lower case italic letters x,y, z, ... for variables, and sanserif a, A, ... for
constants in principle.

The size of a term is defined by

size(a) = size(z) = 1,
size(M N) = size(M) + size(N),
size(Ax. M) = size(M) + 1

For a term M € A(X) and a C €, #.(M) denotes the number of occur-
rences of the constant a in M. Moreover, for €' C €, #4 (M) denotes the
total number of occurrences of the constants in %”. This notation is defined
in the same way for strings.
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A term is said to be linear if every A-abstraction binds exactly one oc-
currence of a variable and no free variable of it occurs more than once.

Convention 2.1. Since this thesis mainly concerns linear A-terms, we denote
the set of linear A-terms on ¥ by A(X) and moreover we omit the modifier
“linear”, so if we say simply a term, it means a linear \-term hereafter.

Strings, Trees and Lambda-Terms A second-order signature ¥ is called
string signature if o/ = {o} and 7(a) = 0 — o for every a € €. We write
str for o — o. For an (unranked) alphabet V', 3y, denotes the corresponding
string signature such that 6}, = V. For a string a; ...a, € V*, we define the
corresponding closed linear term as

/ar...a,/ = Az2%q(as(... (ap2) ... )).

The concatenation is represented by the combinator B = \x™y*2°.2(yz).

For wy,wy € V*, we have

B/wi//wz/ = [wiwa/.

For notational convenience, we write M + N instead of BM N for two terms of
type str. Moreover, by the associativity of +, i.e., (L+M)+N = L+(M+N),
we can omit parentheses as L+M+ N if fn-equivalent terms can be identified.

A ranked alphabet is a pair (F, p) where F' is an (unranked) alphabet and
p is a function from F to the non-negative integers. F denotes the set
{fe F|p(f)=n}. Theset T((F,p)) of trees over (F,p) is the smallest set
such that

e if f € F™ and M,,..., M, € T((F,p)), then (fM, ... M,) € T((F,p)).

The outer most pair of parentheses of a tree is usually omitted. For a possibly
infinite set 2" of variables, by T((F, p) U Z") we denote the set of trees that
may contain variables as symbols of rank 0. A second-order signature ¥ is
called a tree signature if &/ = {o}. For a ranked alphabet (F, p), we define
the corresponding tree signature as X(r, = ({o}, F,{f — o/ — o | f €
F}). We often identify a ranked alphabet (F,p) with the corresponding
tree signature Xp . Then T(X) is the subset of A(X) whose elements are
variable-free and of atomic types. The yield string yield(M) of a tree M is
defined as

yield(f) = f if f e FO,
yield(fM; ... M,) = yield(M,) .. .yield(M,) if f € F™ with n > 1.
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2.1.2 Abstract Categorial Grammars

Definition 2.2 (Lexicon). For two sets of atomic types <4 and ¢4, a
type substitution o is a mapping from 7 to 7 (7)), which can be extended
homomorphically as

o(a— f) =o(a) = a(f).

For two higher-order signatures Yy and Y1, a term substitution 6 is a mapping
from %, to A(X;) such that 6(a) is closed for all a € 6. For two higher-order
signatures ¥y and Y, we say that a type substitution o : @4 — 7 (%) and
a term substitution 6 : 6, — A(X,) are compatible iff o(19(a)) = m1(0(a))
holds for all a € 65. A lexicon from ¥y to ¥ is a compatible pair of a type
substitution and a term substitution. On a lexicon . = (o, ), the function

Z from A(Xy) to A(X4) is uniquely determined as follows:

Z(:pa) = 2°@  for a € T (),
Z(a) =6(a ) for a € 6,
ZAa® M) = 2”@ Z(M)  for \a®. M € A(S),
Z(MN) = Z(M)Z(N) for MN € A(Z).

Indeed, D?(M ) always a well-typed A-term if so is M; if M has type

a, then .,?(M ) has type o(a). Hereafter we simply write £ for o or 2
depending on the context. A lexicon £ = (o,0) is n-th order if ord(¥) =
max{ ord(c(p)) | p € % } < n. For two lexicons £ = (01,01) : X — X4
and % = (09,02) @ X1 — Yo, it is easily seen that oy 0 oy and 65 o 6
are also compatible. Thus, the composite lexicon % o % : ¥y — Yy can
be defined as % = (09 0 01,05 o 1), where it holds that ord(% o 4) <
ord(A) + ord( %) — 1.

Definition 2.3 (de Groote [15]). An abstract categorial grammar (ACG)
is a quadruple ¢ = (3o, ¥1,.%Z, s), where

e Y, is a higher-order signature, called the abstract vocabulary,
e ) is a higher-order signature, called the object vocabulary,

e Z is a lexicon from X to Xy,

e s € g is called the distinguished type.

When we use the modifier abstract or object, it specifies the vocabulary
that a given type or term belongs to. Thus, we speak of abstract atomic types,
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object atomic types, abstract constants, object constants, etc. We sometimes
call the triple (a, 79(a), Z(a)) for a € 6 a lexical entry, and specify an ACG
by giving the set of lexical entries and the distinguished type.

Definition 2.4. An ACG ¥ = (3, %,.Z, s) generates two languages, the
abstract language A(¥) and the object language O(¥4), defined as follows:

A(G) ={M € A(Xy) | M is a closed fn-normal term of type s }
OF) = {|1Z(M)lgy | M € A(Z) }

The abstract language can be thought as a set of abstract grammatical
structures, and the object language is regarded as the set of concrete forms
obtained from these abstract structures and the lexicon. Thus, we simply
say the language generated by an ACG for its object language. The term
abstract categorial languages (ACLs) means the object languages of ACGs.
Two ACGs are equivalent iff their object languages coincide. For conciseness
we write M € A(¥Y) (P € O(¥)) instead of |M|g, € A(Y) (|P|g, € O(9))
even if M (P) is not Sn-normal.

A string ACG is an ACG whose object vocabulary is a string signature
and whose distinguished type is mapped to the type str. A tree ACG is an
ACG whose object vocabulary is a tree signature and whose distinguished
type is mapped to the type 0. By Ggtring and Giree, we denote the classes of
string ACGs and tree ACGs, respectively.

Let us denote by G(m,n) the subclass of ACGs ¢ = (X, ¥1,.%, s) such
that ord(Xg) < m and ord(.Z) < n. An ACG in G(m,n) is also called an
m-th order ACG. For a second-order ACG, its lexicon is said to be semi-
relabeling if it is first-order and it maps each abstract constant to an object
constant or the identity Az°.z. A relabeling lexicon is a semi-relabeling lexicon
which maps every abstract constant to an object constant. G(2,1(sr)) and
G(2,1(r)) denote the class of second-order ACGs whose lexicons are semi-
relabeling and relabeling, respectively. A second-order lexicon . is said to be
monadic if for each abstract atomic type p € %, £ (p) is either an atomic or
a unary type. G(2,2(mon)) is the class of second-order ACGs whose lexicons
are monadic.

We specify a subclass of ACGs by combining these notations; for instance,
Giree(2, 1(r)) denotes the class of tree ACGs whose abstract vocabulary is
second-order and lexicon is relabeling.

Example 2.5. Let ¢4 = (£0,%1,.4,5) € Ggring consist of the following
lexical entries:
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X € 6o 70(X) Z1(x)
M n /man/
W n /woman /
L np? — s \yz.x + /loves/ +y
A n—(np—s)—s Ayw.aw(/a/ + y)
E n— (np —s) — s | Arw.w(/every/ + z)

where Z(s) = L (np) = ZL(n) = str.

Moreover, let % = (X, 3, %5, s) consist of the following lexical entries:!

X € 6o To(X) Z5(x)
M n Az.man z
wW n Az.woman 2
L np? — s Ayx.lovey x
A n— (np —s)— s | Awiwy. y((wiy)A(way))
E n— (np — s) — s | A\wjwy Ve ((wz)— (wax))

where Z(s) =t, L(np) =€, L(n) =e —t. Let

M = AW(A\z"™ EM(Ay™.Lzy)),
N = EM(\y™. AW (\2™ Lay)).

We have
Z1(M) =24 (N)= /every man loves a woman/
2 (M) = Fy((woman y)A(Vz((man x)—(lovex y))))
% (N) = Vz((man z)—(Jy((woman y)A(love z y)))).

This way the above two ACGs give an explanation of the ambiguity of the
scopes of the quantifiers.

2.2 Basic Properties of Abstract Categorial
Grammars

2.2.1 Hierarchy of Second-Order ACGs

De Groote and Pogodalla [19] have shown that a variety of context-free for-
malisms can be encoded by second-order ACGs in a straightforward way.

L Z(A) and % (E) are not represented as simply typed linear A-terms here. Neverthe-
less, by introducing constants Some and Every of type (e — t)? — t, we can represent
them by linear A-terms as % (A) = Awjwz.Some w; wy and % (E) = Awywa. Every wy wa.
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Namely, string languages generated by context-free grammars (CFGs), lin-
ear context-free grammars (LCFTGs), linear context-free rewriting systems
(LCFRSs) are all generated by ACGs belonging to Ggtring(2, 2), Gitring(2, 3),
Gitring (2, 4) respectively. Here, we let the term linear CFTGs mean non-
duplicating non-deleting CFTGs following the terminology by de Groote and
Pogodalla, although usually “linearity” means just non-duplication. Their
encodings are straightforward in the sense that the derivation structures in
the original grammar are preserved in the resultant ACG. For the converse,
it is not difficult to see that ACGs in Gggring(2, 2) can generate only context-
free languages. The most remarkable result on the hierarchy of second-order
string ACGs is given by Salvati [45]. The hierarchy collapses from fourth-
order.

Theorem 2.6 (Salvati [45]). Every second-order string ACG in Gging(2, 1)
formn > 1 has an equivalent LCFRS, and thus an equivalent ACG belonging
to Gstring(27 4) .

It is conjectured that the languages generated by ACGs in Gging(2, 3)
are also generated by LCFTGs. If that is the case, these results give us a
precise correspondence between Gigring(2, 1) and context-free formalisms for
each n.

Let us turn our attention to the generative capacity of second-order tree
ACGs. The equivalence between Giree(2,1) (Giree(2, 1(r))) and regular tree
grammars is easily seen. As discussed by de Groote and Pogodalla [19],
linear context-free tree languages can be generated by ACGs in Gyee(2,2)
(see also [27] for a complete proof). Moreover it is easy to see that the
converse of the relation also holds. De Groote [18] has shown that tree-
adjoining grammars are also simulated by ACGs in Gipee(2,2(mon)). The
converse relation also holds with respect to the string generating capacity.

Those correspondences are summarized in Table 2.1.

Definition 2.7 (Linear Context-Free Tree Grammar). A context-free
tree grammar is a quadruple G = ((V,p), T, R, S) where (V,p) is a ranked
alphabet, elements of T' C V are called terminal symbols, elements of V — T
are called nonterminal symbols, S € V —T is the start symbol with p(S) = 0,
and P is a finite set of productions of the form

A[:L‘l, . ,:L‘p(A)] — N

where A € V. —T and N € T((V,p) U{z1,...,2,}). A CFTG is non-
duplicating iff for every production of the above form, x; appears in N at most
once for each x1,...,7,4). A CFTG is non-deleting iff for every production
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Table 2.1: Hierarchy of second-order ACGs

Finite Languages | =] G(1,m)

String Languages
Context-Free Grammars
Linear Context Free Tree Grammars
Linear Context Free Rewriting Systems

Gstring(27 2)
Gstring(27 3)
Gstring(Q, TL) for n Z 4

INeINl

Tree Languages
Regular Tree Grammars
Linear Context-Free Tree Grammars
Tree Adjoining Grammars

Gtree(27 1) (Gtree<2> 1(1‘)))
Gtree(27 2)
Giree(2, 2(mon))

N

rule of the above form, x; appears in N at least once for each z1,...,2,04). A
CFTG is called linear iff it is non-duplicating and non-deleting at the same
time.
We write
M= M

iff there are A € V =T, My € T((V,p) U{z}) (2 occurs exactly one in
My), My, ..., Myay € T((V,p)), and Alzy,...,254)] — N € R such that
M = My[AM; ... Myay/z] and M’ = My[N[M;/x]1<i<pa)/2]. The (tree)
language generated by G is defined by

L(G)={MeT(T,p)) | S= M}
where = is the reflexive transitive closure of =.

De Groote and Pogodalla [19] encode an LCFTG G = ((V, p), T, R, S) as
an ACG 9% = (30, 1,),-Z, S) as follows. The object vocabulary is the
tree signature Y7 ), and the set .27 of abstract atomic types is the set V —T
of nonterminals. An abstract atomic type A € oy = V — T is mapped to
0" — o by the lexicon .Z. For each production rule r : Alxy,. .. P
N, we put the following lexical entry into ¢¢:

(A, Bl =+ —= By — A, Ay1...yp1 ... Tpa).N')

where By, ..., By is a sequence of nonterminals occurring in N (if the same
nonterminal B appears in N m-times, B occurs in the sequence m-times)
and N’ is obtained from N by replacing each B; with ;.
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Example 2.8. Let an LCFTG G consist of the following production rules:

S — Aabc,
Alxy, x9, x3] — A(faxy)(fbxg)(fexs),
Alry, w9, 23] — gr17973,
where the ranks of S, A, a, b, ¢, f, g, are 0, 3, 0, 0, 0, 2, 3, respectively.

S and A are nonterminals and a, b, c, f, g are terminals. The ACG 4% that
encodes G consists of the following lexical entries:

X € G | To(x) Z(x)
Ay A—S )\yff’_’o.yAabc
Ay | A— Al Mo oata9as.ya(fazy) (foxsy) (fexs)
As A AT T5T8.811 To T3

Definition 2.9 (Linear Context-Free Rewriting System). A context-
free rewriting system (CFRS) is a quadruple G = ((V,p),T,R,S) where
(V, p) is a ranked alphabet called the set of nonterminals, T is an (unranked)
alphabet disjoint from V' called the set of terminal symbols, S € V is the
start symbol with p(S) =1, and R is a finite set of productions of the form

A— f(Blame)
where A, By, ..., B,, €V and f is a function from (77*)°B1) x ... x (T*)r(Bm)
to (7)) such that
f(<l‘1’1, Ce 7$1,p(Bl)>7 ey <l‘m71, P 75L‘m,p(Bm)>) = <W1, Ce 7Wp(A)>

with w; € (TU{Z1,1,. .., TmpB,)})" For f asabove, f; forie {1,...,p(A4)}
means the i-th project of f,i.e., f;(Z1,..., &) = w; for Z; = (Ti1, ..., Tipa))-
A CFRS is linear iff for every function appearing in a production rule as the
above form, z; ; appears in f(Z, ..., Z,,) exactly once for each i € {1,...,m}
and j € {1,...,p(B;)}.

The set L(G, A) C (T*)*“ for A € V is defined as follows:

o If A — f() € R (f is a constant function and f() € (T%)"“)), then
f() € L(G, A).

o if A— f(By,...,Bn) € R,and w; € L(G, B;) fori € {1,...,m}, then
F(Wr, ... W) € L(G, A).

The language generated by G is defined as
L(G)={weT"|(w) e L(G,S) }.
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De Groote and Pogodalla [19] encode an LCFRS G = ((V,p),T, R, S)
as an ACG 9¢ = (3,37, .%Z,s') as follows. The object vocabulary is the
string signature Y, and the set % of abstract atomic types is V' U{s'} with
s'" ¢ V. An abstract atomic type A € V is mapped to (str*) — str) — str
and the distinguished type s’ is mapped to str by the lexicon .#. For each
production rule r : A — f(By,..., By), we put a lexical entry representing
the rule:

(¢r, By == By = A, Ay yezyn (A (A2 My M) - 2))

where
M; = /fi(Z,..., %)/

Moreover, we put the following special lexical entry:
(S, S — &, Ay ==t (AT 1)),

Then, whenever (wy,...,w,)) € L(G,A), we can find an abstract term
M € A(%) of type A such that Z(A) = Az —sn)=sir oy, /o [Wp(a)/

Example 2.10. Let an LCFRS G consist of the following production rules:

S — f(A) with F({1, 29, 23)) = (T17923)
A — g(A) with g({z1, 22, 23)) = (axy, bay, cx3)
A — h() with h() = (a,b,c)

The ACG that encodes G consists of the following lexical entries:

X €6 | To(x) Z(x)
F A— S ANyazya( Az zozs.z(xy + xo + 23))
G |A— A yazys(Arixows.z(a + x1)(b+ 22)(c + 23))
H A Az.zabc
S S — ¢ Ays.ys(Az.x)

A more general result on the generative capacity of second-order ACG is
given by Salvati.

Theorem 2.11 (Salvati [43]). Fvery second-order ACG generates a PTIME
language.
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2.2.2 General Properties of ACGs

There are some results on the mathematical properties of ACGs which are
themselves, or are corollaries to, already known facts. These properties
demonstrate the rich expressive power of ACGs. However, some fundamental
mathematical properties of ACGs are not yet to be revealed. For instance,
no recursively enumerable language has been found that cannot be generated

by any ACG.

Lemma 2.12. Let a type substitution o : {o} — T ({o}) be defined as (o) =
str. Then, for any o € T ({o}), there is a linear combinator Z°® of type
o(a).

Proof. By induction on «, we define a linear combinator Z(®) of type o (o).
Let o(o) =1y — -+ — By — strand §; = ;1 — - -+ — Bix, — str. Define
77 = Myt Lyl Ri(Rol. . (Rp2) .. .))
where R; =y Z% . 7Pk, O

Hereafter by Z? we denote such linear combinator of type 3 provided
that 3 has the above form.

Definition 2.13. The universal membership problem is the problem of de-
termining whether P € O(¥). The non-emptiness problem for ACGs is the
problem of determining whether O(¥) # @.

Though these problems are fundamental, they are still open. We have
only partial answers to them.

Proposition 2.14. The universal membership problem for ACGs is at least
as hard as the non-emptiness problem for ACGs.

Proof. We present a reduction from the non-emptiness problem to the uni-
versal membership problem. Let an ACG ¥ = (3, ¥1,.%Z, s) be given as an
instance of the non-emptiness problem. We define ¥’ = (¥, ¥}, %", s) as

21 = ({0}, 2,9),
Z'(p) = str for all p € &,
ZL'(c) = 27 ™D for all c € 6,
where Z% is as in Lemma 2.12. Then, .Z'(M) —45 A2°.z for every M €
A9 = A(Y). Therefore, O(9) # @ iff \2°.2 € O(¥"). O

The following proposition is an easy corollary to a result obtained by
de Groote et al. [17]
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Proposition 2.15. The emptiness problem for ACGs is decidable iff the
multiplicative exponential linear logic (MELL ) is decidable.

Proof. Let ¢ = (%¢,%1,%,s) be an ACG, where ¥y = (%%, 6o, 10), G0 =
{c1,... ¢}, and 79(c;) = A; for 1 < i < n. Then O(¥) # @ iff A(Y) # @
iff 144,...,1A4,, = s is provable in MELL. This proves the “if” direction.
The “only if” direction can be proved as follows. De Groote et al. [17]
show that the decidability of MELL is equivalent to the decidability of a
fragment of it called IMELLy®. Formulas of IMELLG® are of the form !A
or A, where A is a pure implicative formula, and the right-hand side of a
sequent of IMELLG® must be a pure implicative formula. Given a sequent

S:1A,,...,'A, By,....B, = C

of IMELLg® where each B; is pure implicative, let an ACG 9° = (3, X,
£, s) be such that g = (s U{s}, 6o, 10), Hs is the set of atomic formulas
in the sequent S, s € s, 6o = {c; | 1 < i < n}U{b}, 10(c;) = A4,
(b)) = (B — -+ —» B, — C) — s, and %4 is the identity. Then
S is provable in IMELLg® iff S is provable in MELL iff A(¥°) # o iff
095 # 2. O

Restricting to string ACGs does not change the situation. We can find a
string ACG ¢’ = (X9, %1, .¢", s) such that A(¥') = A(%°). For instance, let
Y1 = ({0}, @,@), L' (p) = str for all p € s U {s} and let £’ (c) = ZZ ()
for all c € .

The decidability of MELL is still open but it is known to be at least
as hard as Petri-net reachability, which is at least EXPSPACE-hard [31].
Indeed, we can represent Petri-net reachability sets by ACGs directly using
a reduction from wector addition systems (VASs), which are equivalent to
Petri-nets.

Definition 2.16. An m-dimensional vector addition system (m-VAS) ¥ is
a pair (A, s), where A is a finite subset of Z™ and § € N™. We call N™ the
set of configurations. =y for dezZmis a binary relation on N™ such that
for 6,56 N™ a :>Jgiff b = a+ d. The union of =7 for d € A is denoted
by =a. A configuration b is reachable iff § =% b where = is the reflexive,
transitive closure of = a. The reachability set R(¥) C N™ of an m-VAS ¥
is the set of reachable configurations.

Definition 2.17. For an alphabet V', suppose that its elements are ordered
as ai,...,a,. The Parikh vector of a string w € V* is defined as

#(w) = (#a, (W), - Fa, (W) € N,
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and the Parikh image of a language L C V* is defined as
#(L) = {#(w) |we L} CN".

A set of vectors of natural numbers I' C N™ is linear iff there are
Gi,...,d,,0 € N™ such that T' = {b+ Y0 k;G; | k; € N}. T C N™ is
semilinear iff there are linear sets I'y,..., I, € N™ such that I' = U?Zl I;.
A language L is linear (semilinear) iff the Parikh image of L is linear (semi-
linear).

It is known that there is a VAS whose reachability set is not semilin-
ear [21]. The notion of Parikh vector can be applied to A-terms on a higher-
order signature X; the Parikh vector of M is defined as #(M) = (#.,(M) |
a; € ¢) € NIl Then the notions of Parikh image and the semilinearity of a
set of terms are defined in the obvious way.

Proposition 2.18. For every reachability set R(¥), there is an ACG 4" €
Gistring(3,2) such that R(V) = #(0(97)).

Proof. Given an m-VAS ¥ = (A, 5), we define an ACG 4”7 = (X, %y, %, q)

as follows. The set 7, of abstract atomic types is

%: {pla-"apmaq}'

-

Let a function p map d = (di, ..., dy) € Z™ to p(d) € T () as

R l/d V(dm > T(dm
p(d) = (P — = ptldn) — ) — p] — pr{dm)

where 1(d;) 0 ifd; >0 (dy) = 0 ifd; <0
v —d; otherwise v

@ ... oy

d; otherwise

The set of abstract constants and the type assignment on them are defined
as

Gy ={a;|1<i<m}U{bs|deA}U{c},

TO(ai) = Di, To(bd“) = P(d)a TO(C) :p? — —>pf£" — dq,

where §= (s1,...,sn,). The object vocabulary is the string signature 3, for
the alphabet

V={e,...,en}
The lexicon .Z is defined as

g(az) = €, f(baf) = Zf(p(d))’ $<C> — Zf(To(c)).
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We show that @ € R(¥) iff there is M € A(4”) such that #(L(M)) = a.
First we show the “only if” part by induction on n where n is such that
§=% d. Forn=0,1ie., d=S35 let

M =cal'...a%m ¢ A(97).
Suppose that
§=Ab= (b1, .., bp) =7 = (a1, am)

for some d = (dy,...,dn,) € A. By the induction hypothesis, we have N €
A(%”) such that #(Z(N)) = b. Since a; = b;+d; > 0, we have b; > v/(d;) for
every i. In other words, N contains at least v(d;) occurrences of the constant
a; for every i. Let N’ be obtained from N by replacing v(d;) occurrences of
the constant a; with fresh distinct variables x; 1, ..., %;, (4, for each ¢, i.e.,

N = N'lar/x11, - 31/ T1u(dr)s - @m/Tmts - - A/ Tonw(don))

and N’ contains b; — v(d;) occurrences of a; for each i. Let
M = b AZ.N")a] ™) . amlm) ¢ A(%)

where @ = (T11,.. ., T1pd)s - s Tmly - - - Tmu(dn)). Since M contains a; =
b; — v(d;) + 7(d;) = b; + d; occurrences of a;, we have #(Z(M)) = d.

Let # = {by € % | d € A}. The “if’ direction is shown by induction
on #4(M) for M € A(9”). M must be in the form of either

caj'...aym  or (2.1)
byNaT ™) a™@) for some d € A and N € A(S,). (2.2)

M has the form (2.1) iff #¢, (M) = 0. In this case, clearly # (£ (M)) = §'is
reachable. If #4(M) > 1, M has the form (2.2). Let d = (dy,...,d,). By

-

the type p(d) of by,
() = B s i) g
Let
N = Na'f(dl) ... alldm)

By applying the induction hypothesis to N’ € A(4”), we get that #(Z(N"))
is reachable. Since #,, (M) = #.,(N') — v(d;) + 7w(d;) = #a,(N') + d;, we
have

§=a #(L(N) =g #(L(M)).
#(ZL(M)) is a reachable configuration. O
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Corollary 2.19. There is an ACG in G(3,1) whose language is not semi-
linear.

Proof. We redefine 47 = (34, %1,.Z,q) in the proof of Proposition 2.18 as
G = (Yo, %0,La,q), where ZFq is the identity. Since #(O(%”)) can be
obtained from #(A(9”)) = #(O(¥")) by a projection, and semilinearity is
preserved under projections, the non-semilinearity of the former implies the
non-semilinearity of the latter. O

In contrast, the following result is easily seen.

Proposition 2.20. FEvery second-order ACG generates a semilinear lan-
quage.

Proof. First we show that if an ACG ¢ is second-order, then #(A(¥)) is
semilinear. For the second-order abstract vocabulary ¥, of ¢, let us define
a CFG G*° so that the set of nonterminal symbol is %, the set of terminal
symbols is %y, the start symbol is the distinguished type s of 4, and the set
of productions is

{g—=Ap1...pn |A€C, To(A)=p1 — - = Pm —q}.

Clearly #(A(9)) = #(L(G*)), where L(G*®) denotes the language gen-
erated by G*°. Since every context-free language is semilinear, so is the
abstract language of every second-order ACG.

Since the lexicon . induces a linear translation which maps #(M) to
#(ZL(M)) for M € A(Xy) and semilinearity is preserved under linear trans-
lations, #(O(¥)) is also semilinear. O

Additionally, recent study by Kanazawa [26] shows that string ACLs form
a substitution-closed full abstract family of languages in the sense of Gins-
burg and Greibach [11]. Let L be a class of string languages. We say that
L is a full AFL (full abstract family of languages) if L is closed under union,
concatenation, Kleene star, homomorphism, inverse homomorphism, and in-
tersection with regular sets. L is closed under substitution if, for every L € L
over an alphabet V; and every substitution f from V; to P(V5°) such that
f(a) € L for all a € V4, we have f(L) € L, where P(V;") denotes the power
set of V; and f is the extension of f such that fle) ={e}, f(wa) = f(w)f(a)

~

forw e Vi" and a € Vi, f(L) = Uyer f(W).

Theorem 2.21 (Kanazawa [26]). The class of string languages generated
by ACGs in Gim,n) is a substitution-closed full AFL for all m,n > 2.



Chapter 3

Non-Linear Extensions of
Abstract Categorial Grammars

The theorems presented in Section 3.4 has been published in [60].

3.1 Introduction

The ACG formalism is based on simply typed linear lambda calculus in two
senses,

(i) lexical entries of the grammar are all linear A-terms,

(ii) grammatical combinations of them, i.e., elements of the abstract lan-
guage, are also represented by linear A-terms.

This accordance is, however, not mandatory. While the linearity constraint
on the abstract language is thought to be reasonable, admitting non-linear
A-terms as lexical entries may allow ACGs to describe linguistic phenomena
in a more natural and concise fashion.

The ACG % in Example 2.5 can be improved by allowing non-linear
terms. Let ¢ have the following lexical entries:

X € (50 To(X) 22/<X)
M n Ar.man
W n Ar.woman x
J np John
R np — s Azr.run x
L np? — s Ax12e.love x5 14
A n— (np — ) — s | A1y I A A(y12)(y2x))
E n— (np — ) — s | Ay V(Ar.—(y12) (y2x))

23
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where Z)(s) =t, Z5(np) =e, £j(n) =e —t, and 3, V, A, — are all object
constants with 75(3) = 75(V) = (e — t) — t and T5(A) = 75(—) = 1 — L.
The meanings of quantifiers A and E are represented by non-linear A-terms
which have multiple occurrences of bound variables,

Moreover, even vacuous A-abstraction is useful for more flexible repre-
sentations. Let the pair of two A-terms M; and M, be represented by
Pair M My = Av.oM; M, (PairequivAujusv.vujusg). One can get the i-th pro-
jection of a given pair of A-terms by the non-linear A-term m; = Aw.w(Aujuz.u;)
as

7TZ‘(/\U.UM1M2) 3 (/\u1u2.ui)M1M2 -3 Mi~

For ¢, consisting of the following lexical entries,

X € 6o 7o(X) Z1(x)
M n /man /
W n /woman /
J np /John/
R np — s Ar.z + /runs/
L np? — s AT1To.79 + /loves/ + 1
A |n—(np—s)—s Azw.aw(/a/ + 2)
E n—(np—s)—s| lww(/every/+ z)

suppose that the word “every” is replaced with “all”. Though the meanings
of these two words are similar,

* all man runs
is not a correct sentence. The correct sentence is
all men run.

A modification ¥/ is given as follows:

X € 6 To(X) Z(x)
M n P/man//men/
W n P/woman//women/
J np Ay.y/John/m;
R np — s Az.z(Auwv.u + v(P/runs//run/))
L np? — s Az129.22(Auv.u + v(P/loves//love/)) + x1(Auv.u)
A |n—(np—s)—s Azww(Ny.y(/a) + mz)m)
E n— (np—s)—s Azw.w(Ny.y(/all) + maz)ms)

where P = M us v =5 puyug, m; = Mo ==t g Austrust w;), Ll (n) =
(str? — str) — str, L (np) = (str — ((str®* — str) — str) — str) — str,
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Z(s) = str. Then O(¥]) consists of terms representing some English sen-
tences such as John runs, all men run, all women love a man, and so on.
The agreement between words is handled without using feature structures.

Both modifications on ¢; and %, are independently made without chang-
ing the abstract vocabulary ¥5. The new ACGs ¥ = (X0, %),.%], s) and
Gy = (30, %5,.%,, s) can generate correct pairs of a grammatical sentence
and its meaning through the common abstract language.

On the other hand, it is known that the expressive power of some gram-
mar formalisms involving a linearity constraint (non-duplication and non-
deletion) does not change when the constraint is relaxed to just non-duplication,
allowing deleting operations. Seki et al. [49] have shown the equivalence be-
tween linear context-free rewriting systems (LCFRSs) and multiple context-
free grammars (MCFGs), which correspond to the relaxed version of LCFRSs
that may have deleting operations. Fujiyoshi [10] has established the equiv-
alence between linear (non-duplicating non-deleting) monadic CFTGs and
non-duplicating monadic CFTGs. Fisher’s result [8,9] is rather general. He
has shown that the string 10-languages defined by general CFTGs coincide
with the string 10-languages defined by non-deleting CFTGs.

This chapter extends the definition of ACGs and moreover introduces
variants of the definition of the abstract languages. A brief discussion on
the relation among the resultant various classes of ACLs defined by those
extensions is given in Section 3.3. In Section 3.4 we then focus on the rela-
tion between usual linear ACGs and affine ACGs, whose lexical entries may
contain vacuous A-abstraction, along the line mentioned above. We present
a procedure for constructing a linear ACG corresponding to a given affine
ACG such that the language of the constructed ACG is exactly the set of
the linear A-terms generated by the original ACG. Therefore, we conclude
that affine ACGs are not essentially more expressive than linear ACGs, since
strings and trees are usually represented by linear A-terms.

As de Groote and Pogodalla [18,19] have constructed linear ACGs encod-
ing linear CFTGs and LCFRSs, non-duplicating CFTGs and MCFGs are also
encodable by affine ACGs in straightforward ways. For such affine ACGs,
our linearization method constructs linear ACGs which have the form corre-
sponding to linear CFTGs or LCFRSs. Thus, our result is a generalization
of the results we have mentioned above with the exception of Fisher’s, which
covers CFTGs involving duplication.
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3.2 Definitions

In this chapter, we deal with non-linear \-terms, so the word “A-term” does
not mean “linear A-term”, but a general unrestricted A-term belonging to
A¥(XY) defined in Chapter 2. To emphasize the absence of the restriction
to linear A-terms, we call them AK-terms. A AK-term is a Al-term, if for
every subterm of M of the form Az.N, x € Fv(N). An affine term is a
AK-term such that no variable occurs free twice or more in any subterm of
M. Thus, a linear term is a AK-term that is AI and affine at the same time.
We write AK(X), AL(X), A (X)), Ain(X), respectively for the sets of simply
typed AK-terms, Al-terms, affine terms, linear terms on X..

We extend the definition of a lexicon .Z from ¥ to ¥ so that .£(a) is not
restricted to linear terms but any simply typed AK-term on >; provided that
it is a compatible pair of a type substitution and a term substitution. We
call the generalized lexicons AK-lezicons. Similarly we define a AI-lezicon, an
affine lexicon and a linear lexicon. A ANK-ACG, a \I-ACG, an affine ACG, a
linear ACG are defined in the same way as usual ACGs but the lexicons .Z
are AK, M, affine, linear, respectively. GX, GI, G* GI™ denotes the class
of AK, Al, affine, linear ACGs respectively, so ACGs satisfying the original
definition are called with the modifier “linear” in this chapter. For each
G* € {GK G! G* G!»}  the subclasses denoted by G*(m,n) C G* are
defined in the same way as in Chapter 2.

Moreover, as we have done for the definition of an ACG, we can give
variations of the definitions of the abstract language and object language of

an ACG. For a \K-ACG ¥ = (3, %1,.%Z, s), let

AX(G) = { M € A¥(X) | M is a closed #n-normal term of type s }
O%(G) = {|L(M)|sy | M € A%(9) }

A™(G) = { M € A"™(%) | M is a closed 3n-normal term of type s }
O™(F) = {|L(M)|s, | M € A™(¥)}.

Note that while A'(9) is a subset of A"(X,), O*(¥) is not necessarily a
subset of A'"(X)) if 4 ¢ Gi*. We define A (9), 0O (9), A(¥), OY(¥)
similarly. For a class G* of ACGs, let

LY(G") ={0%(¥) |9 € G}
Llin(G*) — {Olin(g) | @ c G*}

and L (G*), LY(G*) be defined similarly. L' (G!™) is the class of original
abstract categorial languages.
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3.3 Relations among Variants of ACLs

By extending the definition of ACGs and their languages, we have obtained
sixteen classes of languages. In this section, we discuss the relation among
those classes. Let us focus on the four classes of abstract categorial languages
Lin(Gln), Lin(Gaf), Laf(Gln), and LA (Ga). We can compare other classes
of languages defined in the previous section similarly. First, by G C G,
trivially Li"(Gir) C Lin(G*T) and LT (Glin) C LA (G2T) hold. Note that
the fact that O'""(¥) C O*1(¥) for all 4 € G does not imply that L'(G*) C
LA (G*) for G* € {G'"", G*T}. In fact, the following proposition is rather
easy.

Proposition 3.1. L (G (m, n)) C L (G (m, n)).
Proof. Given 4 = (34,%,.%,s) € G let us define ¥’ = (¥),%,, %", s) €

G2 a5 follows:

Ay = A,
€ = 6o U{K" | B is a negative subtype of 7o(b) for some b € %, and
a is a negative subtype of a negative subtype of m(a) for some a € % },
=1 U{Kl—3—a— 3},
L= L U{KE = \gZ By ?(@) g1,

It is enough to show that O (%) = On(¥").
We first show that O (%) C On(4"). For M € A (%), let (M)* be

defined as follows:

(MY =M #Mc%UZ,
(M My)* = (My)*(My)",

wore e if x e Bv(M),
(Az®.M) _{KQ(M)* if © ¢ Fv(M) and m0(M) = 0.

It is easy to see that for every M € A*¥(9), (M)* € A'(Z’) and L' ((M)*) =
Conversely, for N € A"™(¥4"), let M be the term obtained from N replac-

ing each occurrence of a constant K’ with A\z’y®.x. Clearly M € A*(9)
and Z'(N) = Z(M). O

Thus, L"(G?T) is the largest class among the four classes. The above
proof transfers deleting operations in the abstract level into the object level
via constants K that are mapped to Azy.x. Therefore, for G* € {G*T, GK},
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L°(G°(m,n)) < L*(G°(m,n))

if @ < o for
Ul Ul
lin < aff < K,
L°(G*(m,n)) L*(G*(m,n)) lin <1< K.

Figure 3.1: Relation among variants of ACLs

we get LX(G*(m,n)) C LY(G*(m,n)) and L2 (G*(m,n)) C L'"(G*(m,n)).
Similarly, duplicating operations in the abstract level can be relegated to
the object level via constants W that are mapped to Azy.zyy. For G* €
{GL GK}, we get LX(G*(m,n)) C L¥(G*(m,n)) and LY(G*(m,n)) C

L'"(G*(m,n)). Figure 3.1 summarizes the relations among variants of ACLs.

Corollary 3.2. Let * be among {K,I,aff}. The class L' (G*(m,n)) is the
largest among L™ (G*(m,n)), L*(G*(m,n)), L*(G"(m, n)), L' (G (m, n)).

Therefore, relaxing the linearity constraint on the abstract language does
not enlarge the class of ACLs as much as extending the definition of ACGs
themselves. In the sequel, hence we focus only on ACLs constructed on linear
abstract languages.

3.4 Linearization of Affine ACGs

In the remainder of this chapter, we investigate the relation between L' (G!")
and Li"(G2T) in more detail. While L''"(G!") consists of languages whose el-
ements are all linear, L' (G#*") contain languages including non-linear terms.
Therefore, L"(GT) is properly larger than L'"(G!"). However, since \-
terms representing strings or trees are all linear, non-linear terms in the
object languages are not very interesting. The main result of this chapter
is that for every ¢ € G (m,n), we can construct ¢! € G (m, max{2,n})
such that

O'm(@") = { P e O"™() | P is linear }. (3.1)

Moreover, in case of m = 2, we can find ¢! € G!"(2, n) satisfying the equa-
tion (3.1). Therefore extending the definition of an ACG to allow lexical
entries to be affine does not enrich the expressive power of ACGs in an es-
sential way:.
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Before proceeding with our construction, we mention a partially stronger
result on the special case of this problem on second-order string ACGs, ob-
tained from Salvati’s work [45]. He presents an algorithm that converts a lin-
ear second-order string ACG ¢ € Gln. (2 n) into an equivalent LCFRS (via

string
a deterministic tree-walking transducer). Even if an input is an affine ACG

@ ¢ GML (2,n), his algorithm still outputs an equivalent LCFRS. Since

string

every LCFRS is encodable by a linear ACG belonging to G}, (2,4) [18,19],
this entails the following corollary.

Corollary 3.3. For every affine ACG 4 € G

string

ACG ¥ € Gln, (2,4) such that O™ (¥') = O'"(9).

string

(2,n), there is a linear

3.4.1 Basic Idea

We explain our basic idea for linearization method for affine ACGs through a
small example. Let us consider the affine ACG ¢ consisting of the following
lexical entries:

X € 6o | T0(x) Z(x)
A p— 5| Aw” °.wa’b?
B P Ax°y°.x

where £ (s) = o and Z(p) = 0> — o. Corresponding to AB € A™(¥), we
have a € O (¥) by

Z(AB) = (A7 %wa’b®)(Az°y°.x) —5 (Az°y°.x)a’b’ — 5 a°. (3.2)

The occurrences of vacuous A-abstraction Ay® causes the deletion of b in (3.2).
Such deleting operation is what we want to eliminate in order to linearize the
affine ACG 9. Let us retype Ay° with A\y? and replace b® with b” to indicate
that they should be eliminated. Then (3.2) is decorated by bars as

(A~ wa’h”) (Aay”.x) —5 (Azy’.x)a’b’ =5 a°, (3:3)

0—0—0 0—0—0

where we retype w with w , so that the whole term is well-typed.
In our setting, when a term has a barred type, it means that the term should
be erased during (-reduction steps, and vice versa. By eliminating those
barred terms and types from (3.3), we get

(A7 wa’)(Ax’.x) —5 (Ax’.x)a® —4 a°, (3.4)

which solely consists of linear terms. Hence, the linear ACG ¢’ with the
following lexical entries generates the same language as the original ACG ¥.

X € 6, 74(x) Z'(x)
A" | [p,o—0— o0 — [s,0] | Mw°TC.wa®
B’ [p,0 — 0 — o] Az°.x
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where [p,o — 0 — o] and [s, 0] are new atomic types that are mapped to
o — o and o, respectively, and [s,o| is the distinguished type. We have
Z(AB) = Z'(A'B'). The term Aw® " °.wa°b’, which is led to .Z'(A’), is
just one possible bar-decoration for .Z(A). For instance, A\w°°~°.wa’b’
and \w°~°7°wa’b° are also possible. Bars appearing in Aw°°~°.wa’b?
predict that the subterm a will be erased, and Aw°~°~°.wa’b’ predicts that
no subterm of it will disappear. Our linearization method also produces
lexical entries corresponding to those bar-decorations.

3.4.2 Formal Definition

We first give a formal definition of the set of possible bar-decorations on a
type and a term. Hereafter, we fix a given affine ACG & = (%¢,%;, 7, s).
Define ¥y = (&4, 61,71) by

g ={plped}, G={c|lceq}, m={c—n()|ceG},
where a — 3 =a — (. Let X} = (&, €], 7]) = (4 U, CL UG, 7 UT).
Here, we have the relabeling lexicon ~ from Y} to ¥; defined as

p=p=p forpéc oA,
c=c=c force%.

For P € A (X)), we let P denote the unique term such that P € A (3))

and P = pP.
The set 7 (.27,) of possible bar-decorations on types is defined by

~

T(H)={aecT(H)|if iy — - — [, — Dis a subtype of a
for some p € o7, then B, ...,3, € T(X1)}

Actually, terms in A*(X)) that we are concerned with have types in 7 ().
The reason why we ignore types in 7 (<) — 7 () is that if a term is bound
to be erased, then so is every subterm of it. For instance, if a variable x has
type o — 0 € T ({0}), then the term x°~°y° has type o, which, in our setting,
means that it should disappear. But if 2°7%y° disappears, so does 3°, which,
therefore, should have type o0 to be consistent with our definition.

The set A (X)) of possible bar-decorations on terms is the subset of

A (3 such that Q € A (3,) iff

e every variable appearing in () has a type in ’f’(%), and
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e if \Az®.QQ' is a subterm of Q and 2® € Fv(Q'), then a € T ().

We are not concerned with terms in A (2) — A*(3,).
The following properties are easily seen:

o If Q € A (%), then 74(Q) € T (),

o If Q € Kaﬂ(El) has a type in 7 (7), then every subterm of @ is in
Aaff (2_1),

o If Q € A*¥(2)) and Q —4 @', then @ € A*T(%,).
For each a € T() and P € A* (X)), I gives the set of possible bar-
decorations on them:
M(a)={BeT(#4)|B=a},
N(P) = {Q e A (x)) |G = P}.
In other words, IT and - are inverse of each other, if we disregard types in
T () — T(,Qfl) and terms in A (X)) — A% (3).
Secondly, we eliminate barred subtypes from o € 7 (o) — 7 () and
barred subterms from Q € A (%) — A (X)), Let us define (o) and (Q)f

as follows:

(n'=p forpean,

I TP

(8)! if a € T(),
(x “)* = ()",
(c)f=c force %1,

(Azx*.Q) :{ ifag’]’(%),
@) if o € T(a),

_ ) if 7{(Qs) & T (),

Q= {@1) if 7{(Q2) € T ().

The following properties are easily seen (o € 7 () — T () and Q, Q' €
AM(E)) — A(E)):

o (0)f € T(A) and (@) € AW(5)),
e n((Q) = (@),
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e If Q is B-normal, then so is (Q)T,
e Q =5 Q implies (Q)T =5 (Q")".

Lemma 3.4. Let Q € /A\aH(El) be given. If QQ and its free variables have
types in T (), then (Q)T =5 Q =5 Q.

Proof. Since both functions - and  preserve the $-equality, we can assume
that Q is B-normal. We show that (Q)" = Q = Q by induction on Q.

If Q =2°Q1...Qm, by a € T(&), we have 7{(Q;) € T () for each
i € {1,...,m}. Applying the induction hypothesis to each Q;, we get the
conclusion (Q)' = Q = Q.

IfQ=cQi...Qn for c € €], by 7(Q) € T(), we have c € ¢;. By
the type of ¢, we can apply the induction hypothesis to each Q);, and get the
conclusion (Q)'=Q = Q.

If Q = X®.Q, by 1(Q) = a — 7(Q") € T(4), we can apply the
induction hypothesis to Q. Thus (Q)! = Q = Q. O

A

Lemma 3.5. For every closed term P € A* (X)), |P|s is linear iff there is

Q € II(P) whose type is in T (<}).

Proof. First we show the “if” direction. If there is @ € TI(P) with 7{(Q) €
T (o), then (Q)' =3 Q = P by Lemma 3.4. Since (Q)! is linear, so is | P|s.

Second we show the “only if” direction by induction on the maximum
number of (-reduction steps from P to |P|z. If P is f-normal and linear,
then P € II(P). Otherwise, suppose that P has a [-redex as P = Py[z :=

(Ax®*.P;) Py, where z occurs free in Fj.
Case 1. z* € Fv(P;) and

P = Pylz :== (A\2®.P\)Py] —p5 Bylz := Pi[Py/x%]] =5 |Pls.

By the induction hypothesis, there is Q" € II(Py[z := Pi[P>/x%]]) such that
7(Q") € T(4). Q' has the form Q' = Qo[z 1= Q1[Q2/2"]] for Q; € TI(P;) for
i=0,1,2, and 3 € II(a). Let Q = Qo2 := (A27.Q1)Q5]. Clearly Q € II(P)
and 71(Q) = 7{(Q') € T(#).

Case 2. x* ¢ Fv(P;) and

P = Po[Z = ()\Iapl)PQ] —3 Po[Z = Pl] -3 ‘P|5

By the induction hypothesis, there is Q" € II(FPy[z := P;]) such that 7{(Q’) €
T(e). @ has the form Q' = Qplz := @] for Q; € II(P;) for ¢ = 0, 1.
Suppose that y7 € Fv(P). Since Pylz := (Az®.P;)P] is closed, Py contains
an occurrence of the A-abstraction Ay” that binds the free occurrence of y”



3.4 LINEARIZATION OF AFFINE ACGS 33

in P,. The occurrence of the A-abstraction A\y” becomes vacuous in Pz :=
P|. By Q' € lI(Pz := P]) C Kaﬁ(El), the corresponding occurrence of
the A-abstraction in Qg is \y?. Let Q = Qo[z = (M\2%.Q1)P). By the
above observation, @) is well-typed (the types of bound variables and their
abstractions are consistent). Clearly @ € II(P) and 71(Q) = 7 (Q’) € T ().

0

Second-Order Case

We say that an abstract atomic type p € ) is useless if there is no M €
Aln (@) that has a subterm whose type contains p. An abstract constant a is
useless if there is no M € A'"(%) containing a. If an ACG is second-order,
it is easy to check whether the abstract vocabulary contains useless atomic
types or constants, and if so, we easily eliminate useless abstract atomic types
and constants. This can be done as elimination of useless nonterminals and
productions from a context-free grammar.

Definition 3.6. Let ¢ = (3, %,.Z,s) be a second-order ACG that has
no useless abstract atomic types or useless abstract constants. We define
G = (%0,%1,2Z, [s,Z(s)]) as follows: define X, by

oy ={[p,0] | p € o, B € (L (p) ~T(HA)}
@ ={[2,Ql la€ %, Qell(ZL(a) - A" (X))}
70 ={[a,Ql = ([no(2), 71(Q)])* } where

(Ip, 81)* = [p. 8],

(hﬁ%ﬂﬂﬂﬁ:{ !

([ov, B = ([, 6D if B & T (1),
),

oy
([v. o])? it 3 € T(eh
and £’ by

Z(p.8) =)', 2] = Q"

4’ is linear, but it may contain useless abstract atomic types or constants.
The linearized ACG 4" for ¢ is the result of eliminating all the useless ab-
stract atomic types and constants from ¥”.

Lemma 3.7. Let 4 and &' be as in Definition 3.6.

For every variable-free M € A"™(3g) of an atomic type and every Q €
(L (M))— A (X)), there is N € A(X)) such that 7)(N) = [10(M), 7(Q)]
and ' (N) = (Q)".

Conversely, for every variable-free N € A"(X)) of an atomic type, there
are M € A'™(X) and Q € TI(L(M)) — A (3) such that 7H(N) = [ro(M),
71(Q)] and Z'(N) = (Q)".
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Proof. Induction on M and N respectively.
Let M =aM; ... M, € A"(3Zy). Q € TI(L(M)) is written as

Q= Qo1 ... Qm,

where Qo € [I(Z(a)) and Q; € [I(L(M;)) for i € {1,...,m}. Let I ={i|
1<i<m,7(Q;) ¢ T()}. Then,

(@)= Q)1 (Qi)" - (Q)",
where {i1,...,1} = I. By the definition of ¢’, there is [a, Qo] € % such
that
7o(la, Qo]) = [ro(Mi,), 7{(Qi))] — - -+ — [1o(M;,), 71(Q3,)] — [T0(M), 71(Q)]
Z'([a, Qo) = (Qo)'

For each i € I, the induction hypothesis gives N; € A"(X)) such that
73(N;) = [1o(M;), 71(Q;)] and £ (N;) = (Q;). Clearly for

N = [[a, QO]]Nh e Nik,
we have 7(N) = [ro(M), 7 (Q)] and Z'(N) = (Q)".

Conversely, suppose that a variable free term N € A"(3[) of an atomic
type is given. For the head [a, Qo] of N, let

(@) =p1 — -+ — Pm — Do,

T1(Qo) =1 — -+ — = o,

where o; € TI(ZL(p;)) for i € {0,1,...,m}. Let I ={i|1<i<m, a; ¢
T (<) }. Then, we have

Té([[aa QO]]) = [pilvail] — T [pik7aik] - [p07a0]7

N = [[a, QO]]Nil ce Nika
where {iy,...,ix} = I. For each ¢ € I, the induction hypothesis gives M; €
A (50) and Q; € TI(L(M;)) — A (55 such that m)(N;) = [ro(M;), 7/(Qs)] =
[pi, o] and £’ (N;) = (Q;)T. Recall that & has neither useless atomic types
nor useless constants. Thus for each j € {1,...,m}—1I, we can find a variable-
free term M; € A™(3) of type p;. Let Q; = £ (M;) for j € {1,...,m} —1.
Let

M=aM,...M,,
Q=0QoQ1...0Qn.
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Clearly

Q € (Z(M)) — A (%),
70(N) = [po, a0l = [ro(M), 71(Q)],
ZL'(N) = 2 ([a, Qo] Ny, - .. Ni,)

= (Qo) Q). (@)
= Q). -

Theorem 3.8. For every affine ACG 4 € G*(2,n), there is a linear ACG
4" € GI"(2 n) such that O"™(4') = { P € O"™(¥) | P is linear}.

Proof. 1t is enough to show that O'""(¥4’) = { P € O"(¥) | P is linear }.

Let M € A" (%) be such that |-£(M)|g, is linear. By Lemma 3.5, there
is Q € II(Z(M)) of type Z(s). By applying Lemma 3.7 to M and @, we
have N € An(X) with 75(N) = [s,.£(s)] and £'(N) = (Q)!. We have
N € A™(¥"). Together with Lemma 3.4, it holds that Z'(N) = (Q)' =4
Q=2(M).

Let N € A™(%'). By applying Lemma 3.7 to N, we have M € A'"(3)
and Q € (L (M)) — A*(3)) such that 7o(M) = s, 71(Q) = Z(s), and
Z'(N) = (Q)". We have M € A™(¥). Together with Lemma 3.4, it holds
that .Z'(N) = (Q)' =5 Q = .Z(M). O

De Groote and Pogodalla [18,19] have presented encoding methods for
linear CFTGs and LCFRSs by linear ACGs. Their methods can also be
applied to non-duplicating CFTGs and MCFGs.

Example 3.9. Let a non-duplicating CFTG G consist of the following pro-
ductions:

S — Pab, Plxy,xs] — P(cxq)(cS) | dzqza,

where the ranks of S, P, a, b, c,d are 0, 2, 0, 0, 1, 2, respectively. De Groote
and Pogodalla’s method transforms G into the following affine ACG ¥:

X € 6o To(X) Z(x)
A D — s Ay 0 ypa’h’
B S—p—p )\y;’yfﬂo:p‘l’xg.yp(cOHoxl)(COH"yS)
2
C D Axdxs.d” 0z 2y

When we apply the linearization method given in Definition 3.6 to ¢, we get
the following linear ACG ¢! whose distinguished type is [s, o]:
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x € 6,
75(x)

[A, Ay~ y,ab]
[p,0 — 0 — o] — [s,0]

[A, Ayo—o° y,ab]
[p,o — 0 — o] — [s,0]
[B, Ayeyp "~ afx5.yy (1) (cys)]
[s,0] = [p,0o— 0— 0] = [p,o— 0 — 0
B, Aylyo—o % xS .y, (cxq ) (Cys oo 0
[[ p, op—> o —>1 0]2 —>p([p, 0)(—> E)]L 0] Ay 77-yp(c1)
[C, Ax§x§.dayxs]

[p,0 — 0 — 0]

Z'(x)

)\ygg_’o.ypab

Yy~ ypa

Ay2ys —oxs yp,(cr) (cys)

Ax9x§.drizy

The linearized ACG ¢! is actually the encoding of the linear CFTG G’ con-
sisting of the following productions:

S — P(a,b) [ P'(a), P'(x1) = P(c(x1),¢(5)) | P'(c(x1)),

P(.Tl,.rg) — d(xl,.l’z),

where the ranks of nonterminals S, P, P’ are 0, 2, 1, respectively. G, 4, ¢,
and G’ generate the same tree language.

The following corollary generalizes the result by Fujiyoshi [10], which
covers the monadic case only.

Corollary 3.10. For every non-duplicating CFTG G, there is a linear CFTG
G' such that G and G' generate the same tree language.

De Groote and Pogodalla [19]’s encoding method of LCFRSs by linear
ACGs described in Section 2.2.1 can be applied to MCFGs also. Let ¢4 be
the affine ACG that encodes an MCFG G. The linearized ACG ¢! is indeed
in the form that is the encoding of an LCFRS, while ¢’ is not. We here
explain that lexical entries of ¢’ that cannot be interpreted as the encodings
of productions of an LCFRS are useless. For instance, for the production
rule S — f() with f() = (a) of an MCFG, ¢ has the corresponding abstract
constant A of type S that is mapped to the term

A=t g,

The linearization method in Definition 3.6 lets ¢’ have the following lexical
entries:
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X € 6, 76(X) Z'(x)
[A, Azt 23] [S, (str — str) — str] Az 2a
[A, A\z5r—o=0 za] | [S, (str — 0 — 0) — 0 — 0] | Az"7°.za
[A, Az5r—sr 23] [S, (str — str) — str] Az 2
[A, Az —=0=0 2a] | [S, (str — 6 — 0) — 6 — 0] A0z

Recall that a nonterminal symbol of rank k£ in an LCFRS is encoded as
an abstract atomic type mapped to (str* — str) — str by the lexicon in
the corresponding linear ACG. In the above table, the new atomic types
[S,(str — 6 — 0) — 0 — o] and [S,(str — 0 — 0) — 0 — o] are, how-
ever, mapped to (str — o) — o and o — o, respectively. Those atomic
types cannot be interpreted as the encodings of nonterminals of an LCFRS.
Consequently, the abstract constants [A, \z*" 99 za] and [A, Az ~97° 23]
cannot be interpreted as the encodings of some productions of an LCFRS.
We show that indeed those abstract constants are useless.
Let
F'={(ay — - — ay — str) — str | a; € {str, str} }.
We prove that for every new abstract atomic type [p, o] with p # s’, where s

is the distinguished type of the affine ACG ¢, if a € T, then [p, a] is useless
in9'. Let

A={(ay—-—ap—0—0) —0—o0|«a; €{str,sir} }.

First we show that if a variable-free term N € A(3()) has an atomic type
[p,v] with p # &, then v € ' U A holds, and moreover, if a subterm N’ of
N has a type [q,7'], then either 7,7 € T or 7,7 € A. Let [A,Q] be the
head of N, 7(A) =p1 — -+ = pm — ¢, 11(Q) =y — -+ — a,, — . By
Té([[Av Q]]) = ([plaal] — [pmvam] - [Qaﬁ])ia N has the form

where {iy,...,in} = {i|o; € T(24)}. Let

Q=M oy (AL Y (A .2Q1 .. Q) ...

where § = 3y — v for v € {str,0 — o}. Then, a; has the form of — v ¢
T (#). Thus, iy = 1. By applying the induction hypothesis to Ny, we see
ap € TUA and oy = (7{(Z1) — ) — 7. Applying the same discussion to
Qa, ..., Qy, repeatedly, we have n = m, i; = j, and o; = (77(%;) = 7) = 7 €
IF'UA. «; € T'UA implies that the type of each variable in Z; is either str
or str. Thus, @; consists of atomic terms of types in {str, str} and hence the
type of each Q; is either str or str. Therefore,

5:50H’Y:(T{(Q1)H"'*T{(Qm)ﬁv)%’yeFUA.
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Let N € A'(%’). N has the form [S, Q]N', where 7}([S, Q]) = [S,a] —
[¢', str]. By applying the above claim to N’, we have « € I' U A. Let

Q = Myl o= (N g) € TI(ZL(S)) = Ay == ¢\ ),

where a = (y — a2) — asz. We have ag = str by 7(Q) = a — str,
a1 — ag = ay — ay by the well-typedness of ), and as = a3 by a € ' U A.
Therefore, ) = Z(S) and a = (str — str) — str € I'. The above claim
entails that if a subterm of N € A(¥’) has a type [g,7] with ¢ # s', then
~v € TI'. Therefore, every useful abstract atomic type of ¢’ is mapped to
(str® — str) — str for some non-negative integer k, which is interpreted as
the encoding of a nonterminal of rank £ in an LCFRS.

Note that the LCFRS obtained from an MCFG through our linearization
method may have nonterminals of rank 0, though usual definitions of an
LCFRS do not allow nonterminals to have rank 0. Mathematically speaking,
allowing or disallowing nonterminals of rank 0 does not matter at all. The
reason why usual definitions of an LCFRS do not allow nonterminals to have
rank 0 is just to avoid redundancy. If a nonterminal Aj has rank 0, and a
production Ay, — f(By,..., By,) is in an LCFRS, then f is the function that
maps the empty sequence to the empty sequence and each B; has rank 0. If A
appears in the right-hand side of a production as C' — g(Ay, ..., Ag, ..., A,),
we can eliminate Ay from the right-hand side without modifying the function
g, which is a function from [], ., (T%)*“1) = nggn(T*)p(Ai) to (1)~

Note that here we work modulo the associativity of the cartesian product,
i.e., we identify (7)™ x (T*)™ with (7*)""™. Thus, we can simply ignore
nonterminals of rank 0 if they occur in an LCFRS.

Therefore, our result covers the following theorem shown by Seki et al. [49]

Corollary 3.11. For every MCFG G, there is an LCFRS G’ such that the
languages generated by G and G’ coincide.

Third or Higher-Order Case

Definition 3.6 itself does not depend on the order of the given affine ACG
except for checking whether useless abstract atomic types or useless atomic
constants exist. For the general case, however, the linearized ACG given in
Definition 3.6 may generate a strictly larger language than the original affine
ACG. In the remainder of this chapter, we present a linearization method

for general affine ACGs.
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Example 3.12. Suppose that an affine ACG ¢ € G*(3,1) consists of the
following lexical entries:

X € 6y To(X) Z(x)
A q i
B p—q—q Ay°z°.bz
C q— s Az°.2
D (p— s) — s | Axz°°.a(ze)

We have

A" (G) = { DAy} .D(\g5. ... D(Ay%.C(Byi, (Byiy (. - - (Bys, A) -..)))) - )
10 >0, {ir,....in} ={1,...,n}}

. n-times  n-times
Oing) = {a(...(alb(...(b#)...))...) |[n>01}.

4’ consists of the following lexical entries:

X € 6 76(x) Z'(x)
[A, #] g, 0] #
[B, A\y°z°.bz] lq,0] — [q, 0] Az°.bz
[[C,i)\zo.z]] [q, 0] — [s,0] 2.z
[D, Az°—°.a(ze)] [s,0] = [s, 0] Az°.ax
[D, Az°—°.a(ze)] | ([p, 0] — [s,0]) — [s,0] | Az®~°.a(xe)

The last lexical entry is useless. We have

m-times n-times

. —— ——
Aln@gy = {D'(...(D'(C(B'(...(B'A')...))...) | m,n>0}

m-times  n-times

. —N .
O™y = {a(...@b(..(b#)...))...) | mn >0} DO

where A’, B', C', D" are, respectively, the first, second, third, fourth abstract
constants of ¢’ shown in the above table. Though any term of type p that
is the first argument of an occurrence of B is bound to be erased in the
original ACG ¢, we cannot ignore the occurrence of the type p, because that
occurrence of p balances the numbers of occurrences of B and D in a term in
Alin (g)

Our alternative linearization method presented later gives the linear ACG
@" consisting of the following lexical entries (useless lexical entries are sup-
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pressed):
x € 6y 74 (X) Z"(x)
[A, #] g, 0] i
[B, A\y°z°.bz] [p,0] — [q,0] — [q, 0] Ay 20 y(bz)
[[C,_)\zg.z]] [q, 0] — [s, 0] A2z
[D, Az°~°.a(z®)] | ([p,0] — [s,0]) — [s,0] | Az~ ~°.a(x(\2°.2))

where [p, 0] is mapped to o — o. For
M = D(\y?.C(ByA)) € A™(9),
we have
N = D"()\y[p’a].C"(B"yA”)) c Ahn(g'/)

where A", B”, C", D" are, respectively, the first, second, third, fourth abstract
constants of ¢” shown in the above table. It is easy to check that £ (M) =
Z"(N) = a(b#). We have O(¥9) = O(9").

Now, we give the formal definition of our new linearization method for
general affine ACGs. For simplicity, we assume that o#; = {0} here, but it
is possible to lift this assumption. The new linearized ACG ¢” has the form
G" = (35,21, 2", [s,ZL(s)]), where X is defined by

Ay ={[p.0) | pe b, Becll(ZL(p)}
% ={[a,Q] |ac %, Qell(ZL(a))}
7 = 1{[a, Q] = [r0(a), 71 (Q)] } where [ — 7,8 — 0] = [, 5] — [7,9].

Here we have two simple lexicons % : 3§ — ¥ and % : 3§ — X} such that

Zo([p. 8]) = p, 2Z([a,Q]) = a,
Zi([p. 8]) = B, Z([2,Q)) = Q-

%, is relabeling. We have % (N) = £ o % (N) for N € An(3f).

Lemma 3.13. For every Q € A (%) and o € T (%), the following state-
ments are equivalent:

(i) There is M € A™ (%) of type o such that L (M) = Q.
(ii) There is N € A (30 of type [, 71 (Q)] such that £ (N) = Q.

Proof. The direction [(ii) = (i)] can be shown by letting M = Z,(N).
The opposite direction [(i) = (ii)] can be shown by induction on M. Let
N = x(M, Q) where
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x(a,Q) = [a, Q]

(xa’xﬁ)z [e,6],
o X(Mi My, Q1Q2) = x(My, Q1)x (M2, Q2),
o x(Ax®. M’ \axP.Q") = \xlPl (M, Q).

Here, Z4(x(M,Q)) = M, L(x(M,Q)) = Q. and x(H(N), AN) = ¥
old. ]

Lemmas 3.5 and 3.13 imply
{MeA9)||L(M)|sis linear } = { L(N) | N € A(9") }. (3.5)

Since (L (N))' =5 %} = L0 %) (N) for every N € A(¥") by Lemma 3.4,
it is enough to define a new lexicon .£” so that

ZL"(N) =gy (Z(N)) (3.6)

for every N € A(9").
We define the type substitution o : o) — 7 ({0}) of £" = (0,0) as

) BIG) if 8¢ T ({0}),
(Ip, 8]) = {0 —o iffeT({a}).

Here we identify o with its homomorphic extension. For each [a, 3] € T (')
such that § € ’j\'({o}) — T ({0}), we define two linear combinators X? of type
o([a, B]) — (B)T and Y2 of type (3)" — o([a, 8]) by mutual induction. Let
[, 8] = [a1, B1] — -+ = [am, O] — [P, Bo] with [p, Bo] € <7 and the set
{1,...,m} be partitioned into two subsets I and J so that 3; € 7 ({o}) iff i €
I. Let I ={iy,..., 4} withi; < iy foreach 1 <j < kandJ={j,...,5}
If i € J, then the linear combinators Z°(®:4) and Zo(lesBi)=o= (given in
Lemma 2.12) are well-defined by the definition of o. We define

X(f = )\y("(["’ﬁ])xglﬁil)T .. .foik)T.ya([o"ﬁ])R1 Ry,

v tiel,

where R; =
{Za([aiﬂi]) ifi € Ja

and

«

B o(la o([am.,Bm T i
VP = €A@' ygtlenhil) - polembnl 2 pp (0 (M, (2P Ly, L Ly 7)) )
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where 7 is short for 2]* ...z for (By)' =~ — -+ — v, — 0, and

L; = X iy loohD fori eI,
M, = zo(e /3i})—>0—>oy;7([az’ﬁi}) fori € J.

Note that if [a, 8] = [p, fo] € <7, then Xfo =4y Y;fo =4y AzBo)t
Now, we give a new linearization method as follows.

Definition 3.14. For a given affine ACG ¢, we define a new linear ACG as
G" = (35,31, 2", [s,Z£(s)]), where £" = (0,0) for o as above and

T (Q) : aff (37
YL f A (X
9([[3,@]]) _ | 7—0(?, ( ) | 1 Q g (_1)7
Zo(1 ([2,Q])) if Q € A(3).
Thus, if the given affine ACG ¢ belongs to G**(m,n), then 4" belongs
to G (m, max{2,n}).
Lemma 3.15. Given N € A(X() of type [a, 8] such that 3 & T({o}) and
Z(N) € A (X)), we have
(LN =5y X]L"(N)bn

where ¢ denotes the substitution on the free variables of £"(N) such that

(@ — VB if o has the type [a, 8] in N and 8 & T ({o}),
Z0>B)  otherwise.

Proof. We assume that NV is in long normal form for simplicity. The proof is
done by induction on N.

Case 1. Suppose that N = )\a:[f“ﬁl] L glemBnl N have type [a, ] =
[aq, B1] — -+ = [am, Bm] — [p, Bo] with m > 1. Let us partition the set
{1,...,m} into two subsets I and J so that 3; € 7({o}) iff i € I and
B; € T({o}) iff i € J. Let the elements of I be iy, ..., with i; < i;4, for
1 <j < k. Since FVv(N') = Fv(N) U {z1,..., 2y}, we have

one = oy U{ ] s R [1<i <m)
Yz, ifiel,

where R; =
{ZJ([CM,,&J]) if i € J.

Thus, together with the induction hypothesis and XI?O] = A\zB0)'
— (Bil)T (/31 )t
(Z(N)' = gt (A(N)!

Zk

_577)\ (1811 . (Blk) (Xﬁogl/(Nl)ng/)
. ANI”.. 5% (L' (N [R /279D o Vow. (3.7)
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On the other hand,

X3Z"(N)ow

= (Aot @il)T . @i’“)f.le ‘R ).ﬁf”()\x[lal’m .. plom Bl NNy
g )\xf”ﬁ .. (ﬁ”“ f”()\x[al Al zlombrl NVRy ... Rynon

S (ﬁ% (L7 (N [Ry /27 (o), <Z<m)¢>N (3.8)

(3.7) and (3.8) coincide.

Case 2. Suppose that N = 2PN, N, where @« = @ — -+ —
am — p, =0 — -+ — Bm — Po. Let us partition the set {1,...,m}
into two subsets I and J so that §; ¢ 7 ({o}) iff i € [ and 3; € 7 ({o}) iff
it € J. Let the elements of I be ¢1,...,% with i; < 7;4; for 1 < j < k and
J ={j1,..., 451} By the induction hypothesis,

(AN =D (LW (AN
=5y 2N ( X5, L7 (N o) - - (X3 L (N3 )éw,, ) (3.9)
where X; = X/,
On the other hand, since Xfo is the identity,
X 2" (N )¢N 5 ZL"(N)on
= (Y22 (2" (N)ow,) - .- (L7 (N) b,
()\yl (lon,B1]) yf,f[o"”’ﬁmDZ.Mjl(...(Mjl(x(ﬁ)TLil. L; 7). ))
(ZL"(N)¢n,) - - (L (Nim)bw,,)

where

L; = Xf;y, forive I,
M; = Zo([ai,ﬁi])ﬂoﬂoyi fori e J.

For j € J, it is easy to see that if a subterm (a free variable in partic-
ular) of N; has a type [v,0], then 6 = Z(y) € T({0}). Thus, ¢y, sub-
stitutes linear combinators for all the free variables of .Z”(N;). Therefore,
ZL"(Nj)on, and M;[ZL"(N;j)¢n,/y;] are linear combinators. By the type
o — o of M;[.L"(N;)on,/y;], we see M;[.L"(N;)pn,/y;] —p A2°.z. There-

fore

LI (N)by =5 Mo (X L1 (Ni))ow,) - - (Xi L7 (N ), )7
oy @@ (X, L (N, - (X, L (N o, ). (3.10)
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(3.9) and (3.10) coincide.
Case 3. Suppose that N = [a,Q]N; ... N,,. This case can be treated by
replacing the head variable z!*? in the previous case with [a, Q]. O

Theorem 3.16. For every affine ACGY € G*(m,n), there is a linear ACG
4" € G(m, max{2,n}) such that O'"™(4") = { P € O"(¥) | P is linear}.

Proof. Applying Lemma 3.15 to N € A (4”), we get the equation (3.6),

since ¢y is the empty substitution and X Z©) s the identity. O

3.4.3 Open Issues

In this section, we have presented how vacuous lambda abstraction can be
eliminated from affine ACGs. It is natural to ask whether or not we can
transform a AK-ACG ¢ into a AIF-ACGs ¢’ such that O'™(¥9') = { P ¢
Olin(@’y | P is M }. That is future work. Recall that the affine term
Ap(07070)70 (X 2029 21) is retyped as A 2(A2929.21) by our method.
However, we cannot retype the non-affine term

l.(o~>o~>o

R (P ER)) [E L PE)

as

)\x(?_’o)_’o.f(x(a_’o)_”()\za.a))( (0—0) TNz ))

The author conjectures that one can eliminate vacuous A-abstraction from
semi-affine ACGSs, where a AK-term is semi-affine if for every free variable
x of any subterm, either

e 1 occurs exactly once, or
e r has an atomic or second-order type.
For instance, for the semi-affine term
()\uO*OvO_’OZO.f(UO*OZO)(UO_’O 0))()\:10 x%)(Ay°.a%),

although
(A0 027 f(u0702°) (v°7°2°)) (Ax®.2°) (Ay°.2°%)

is not well-typed, the term
()\uOHO o f( 0—o0 0) 0) ()\SCO.SL’O)aO

obtained by eliminating barred terms and types from the previous one is well-
typed. If the construction based on this idea is correct, it implies that every
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CFTG has a corresponding non-deleting CFTG whose 10-tree language is
equivalent, because every CFTG can be encoded with respect to the 10-
tree language by an ACG belonging to GE_(2,2) such that only variables
of atomic types occur more than once in its lexical entries, and vice versa.
This also entails Fisher’s result [8,9] that every CFTG has a corresponding
non-deleting CF'TG whose 10-string language is equivalent.

On the other hand, the author conjectures that it is impossible to linearize

M-ACGs, i.e., there is a AI-ACG ¢ such that for any linear ACG ¥/,
{PcO™&)]| P is linear } # O"™(¢").

However, it seems difficult to prove it, as we have not yet found any recur-
sively enumerable language that cannot be generated by any linear ACG. At
least, we know that the above statement is true when we consider only second-
order ACGs. The following second-order \ILACG ¢ € G;,,(2,2) generates

a non-semilinear language, which cannot be generated by any second-order
linear ACG by Proposition 2.20.

X € %o | To(X) Z(x)
A s /c/

B s — 5| A\ x+x

O™(¢) ={/"/|neN}.

3.5 Summary

This chapter has discussed non-linear extensions of ACGs. The original
ACGs have two kinds of linearity constraint: one on the lexicons, one on the
abstract languages. Section 3.3 shows that relaxing the linearity constraint
on the abstract language does not enlarge the class of ACLs as much as
allowing non-linear lexicons.

The main issue of this chapter is comparison of generative capacity of
original linear ACGs and affine ACGs, which may have vacuous lambda
abstraction. In Section 3.4, we have established the equivalence between
affine ACGs and linear ACGs by presenting two procedures transforming
affine ACGs into linear ACGs. The first one is for second-order affine ACGs
and the second one, which is an elaboration of the first one, is for third or
higher-order ACGs.

The first linearization method covers the results obtained by Seki et
al. [49] and Fujiyoshi [10]. Seki et al. have shown the equivalence between
MCFGs and LCFRSs, and Fujiyoshi has shown the equivalence between
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monadic non-duplicating CFTG and monadic linear CFTG with respect to
tree languages. Their and our common basic idea is to eliminate deleting
operations and some strings or subtrees in productions from the given gram-
mar that would be erased by deleting operations during derivations. Their
techniques create new productions from an original production by replacing
nonterminals by new nonterminals of less ranks and fewer arguments. In
this sense, their techniques work only on “second-order” settings. On the
other hand, our linearization method generalizes their techniques for higher-
order settings. From a type appearing in the given affine ACG, our method
constructs types by eliminating subtypes of the original.

Moreover, our method entails the new result as a corollary that non-
duplicating CFTGs and linear CFTGs are equivalent with respect to tree
languages. This demonstrates that studying ACGs would be investigation
of mildly context-sensitive grammars. Our result strengthens de Groote and
Pogodalla’s view that ACGs can be the kernel of a grammatical framework;
not only well known grammar formalisms themselves, but also a transforma-
tion of existing grammar formalisms are encoded in ACGs.

The second linearization method can also be applied to second-order affine
ACGs actually and it transforms non-duplicating CFTGs into linear CFTGs,
but it does not give a conversion from MCFGs to LCFRS. The advantage of
the second method is not only the fact that it is applicable to every affine
ACGs, but also it preserves the original derivation structures in the sense that
the original abstract language is the image of the new abstract language under
a relabeling lexicon, namely %, on page 40. As we will see in Section 5.6,
due to this property, the second linearization method is still valid for multi-
dimensional extensions of affine ACGs.

Though every affine ACG admits linearization, our both constructions
increase the size of the given grammar exponentially due to the definition of
I1, so there still exists an advantage of allowing deleting operations in the
ACG formalism. For instance, the atomic type np of the abstract vocabulary
of the ACG in Example 1 will be divided up into three new atomic types
(not counting other useless types) which correspond to noun phrases as third
person singular subjects, plural subjects, and objects respectively.



Chapter 4

Lexicalized Abstract Categorial
Grammars

4.1 Introduction

A formalization of the notion of lexicalized grammars is given by Schabes et
al. [47,48] A grammar is called lexicalized if each of its lexical entries that
contribute to deriving an element of the language contains an item, called a
lexical item, that explicitly appears on the surface of the derived structure.
From the point of lexicalists’ view, which thinks that linguistic phenomena
should be accounted for by the inherent information in the lexical entries,
to be lexicalized is a natural requirement. Moreover, not only from the
lexicalists’ point of view, but also from the point of view of the computational
complexity, to be lexicalized is often thought to be desirable. At least, the
decidability of the universal membership problem for lexicalized grammar is
guaranteed in general.

Preceding research showed that some grammar formalisms admit lexical-
ization. Greibach [13] showed that every CFG has an equivalent (modulo the
empty string) CFG in Greibach normal form, which can be thought of as a
lexicalized grammar, because every production contains a terminal symbol in
its right hand side. Schabes et al. [47,48] presented a lexicalization method
that converts finitely ambiguous TAGs into lexicalized TAGs.

This chapter is devoted to discussion of lexicalized ACGs. We say that
an ACG is lexicalized iff every abstract constant is mapped to an object
term containing an object constant. Although the origin of ACGs is located
in a history of categorial grammars, ACGs are not necessarily lexicalized
grammars by definition unlike usual categorial grammars.

In Section 4.2, which is based on Yoshinaka and Kanazawa’s paper [61],

A7
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the generative capacity and complexity of lexicalized ACGs is discussed.
We see that the universal membership problem for lexicalized ACG is NP-
complete. This result contrasts with the one for general ACGs and suggests
that the restriction to lexicalized ACGs may be preferable from the point of
view of computational complexity as well as of lexicalism.

Although the paper [61] claims that every second-order ACG admits lex-
icalization, the proof is in error. Kanazawa and Yoshinaka [27] give a correct
proof. The main result of this chapter is a generalization of that claim. In
Section 4.3, we show that semilexicalized ACGSs, which form a superclass of
second-order ACGs, admit lexicalization.

4.2 Lexicalized ACGs

Definition 4.1. Foran ACG ¥4 = (3, ¥, .7, s), an abstract constant a € %
is said to be lezical with respect to £ if £ (a) contains a constant; otherwise,
ie., if Z(a) is a combinator, a is nonlexical with respect to .£. 1f every
abstract constant of an ACG is lexical, it is called a lezicalized ACG and the
class of lexicalized ACGs is denoted by G,

If the lexicon .Z is clear from the context, we suppress the words “with
respect to .£”.

Note that there is a gap between the notion of a lexicalized ACG in this
thesis and the definition of a lexicalized TAG by Schabes et al. [47,48] While
labels of internal nodes in a tree are not regarded as lexical items in Schabes
et al.’s setting, labels of both internal nodes and leaf nodes, which are repre-
sented with object constants in ACGs, are regarded as lexical items by our
definition. Every ACG encoding a TAG is lexicalized in our setting. This
gap comes from the high degree of abstractness and generality of ACGs; they
generate not only trees, but also other various types of data. Although it
might be possible to define the notion of “lexicalized ACGs” so that it com-
prehends the notion of lexicalized TAGs by Schabes et al., such a definition
would be reasonable only for tree ACGs. For the sake of generality, we adopt
the above definition for the term “lexicalized ACGs”.

Lemma 4.2. Let a type substitution o : {o} — T ({o}) be defined as (o) =
str and a constant ¢ have type str. For any o € T ({o}), there is a closed

term 72 of type o(«) that contains exactly one occurrence of c.

Proof. Let Z (@) _ gstr—o(a)c for the linear combinator Z% (@) defined in
Definition 2.12. O
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Recall that the proofs of Proposition 2.15 and Corollary 2.19 use ACGs
whose lexicons are just identities. Therefore, the results on the decidability
of the non-emptiness problem and on the generation of a non-semilinear
language hold for lexicalized ACGs. By Lemma 4.2, we can replace the ACG
in the proof of Proposition 2.15 with a lexicalized string ACG, and similarly
we see that there is a lexicalized string ACG in Gﬁfing(?), 2) that generates
a non-semilinear string language. However, the complexity of the universal

membership problem for ACGs is greatly improved in the case of lexicalized
ACGs.

Proposition 4.3. The universal membership problem for lexicalized ACGs
1s NP-complete.

Proof. First we show that the problem is in NP. For a lexicalized ACG
G = (X0,%1,7Z,s), if L(M) —» P € A(X;), the number of occurrences
of constants in M does not exceed the number of occurrences of constants
in P. Let P have m occurrences of constants. P € O(¥) iff there are
abstract constants cq,...,c, for some n < m and a combinator X of type
T0(c1) — - -+ — 70(c,) — s such that £ (Xc;...c,) =5 P. The size of a lin-
ear combinator X is bounded by a polynomial function of the size of its type
and the number of G-reduction steps needed to eliminate redexes of a linear
term is bounded by its size. This shows that the question “P € O(¥)?” is
in NP.

The NP-hardness can be derived from the NP-hardness of the implica-
tional fragment of intuitionistic linear logic (IMLL™) [28]. For a given se-
quent S : Ay, ..., A, = Bof IMLL ", we define an ACG 4° = (X, %, .%Z, s)
where Xy = (#sU{s}, {a}, 1), &5 is the set of atomic formulas in the sequent
S, s ds, o(a) = (A1 — -+ — A, — B) — s, 51 = {o},{c}, {c— str}),
Z(p) = str for all p € s U {s}, and Z(a) = 2Z ™ where ZZ™@ s
defined in Lemma 4.2. Then, S is provable in IMLL ™ iff c € O(¥49). O

Salvati [43] has given some general results on the generative capacity and
complexity of lexicalized ACGs. Salvati has stated the above proposition in
a more refined form.

Proposition 4.4 (Salvati [43]). The universal membership problem for
Glex (2,2) is NP-complete.

tree

A question that naturally suggests itself at this point is whether or not
there is a lexicalized ACG generating an NP-complete language. He has also
answered this question.!

Yoshinaka and Kanazawa [61] have presented an example of a fourth-order lexicalized
ACG generating an NP-complete language independently from Salvati.
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Proposition 4.5 (Salvati [43]). There is a levicalized ACG in Gl (3,1)
whose language is NP-complete.

Kanazawa’s theorem (Theorem 2.21) holds in a weaker form for lexicalized
string ACGs. We say that a class L of string languages is an AFL if L
is closed under union, concatenation, Kleene plus, e-free homomorphism,
inverse homomorphism, and intersection with regular sets.

Theorem 4.6 (Kanazawa [26]). The class of string languages generated
by ACGs in G-lex(m,n) is a substitution-closed AFL for all m,n > 2.

4.3 Lexicalization of Semilexicalized ACGs

Definition 4.7 (Salvati [43]). An ACG ¥ = (3, %,.%, s) is said to be
semilexicalized iff for every abstract constant a € %y, either

e a is lexical, or

e 7y(a) is second-order.

Every lexicalized ACG and second-order ACG is semilexicalized by defi-
nition.

Salvati’s result on semilexicalized ACGs shows that the classes of semilex-

icalized ACGs and lexicalized ACGs have similar generative capacity and
complexity.

Proposition 4.8 (Salvati [43]). Every semilezicalized ACG generates a
language in NP. The universal membership problem for semilexicalized ACGs
1s decidable.

In this section, we show that semilezicalized ACGs admit lexicalization.
Our goals are the following two theorems.

Theorem 4.9. For every semilexicalized ACGY € G(m,n) withm € {2,3},
there are lexicalized ACGs 9’ € G(m,n+1) and 9" € G(m+1,n) such that

OW)=0%")={ReO(9)| R contains a constant }.

Theorem 4.10. For every semilezicalized ACG 4 € G(m,n) with m &
{2,3}, there is a lexicalized ACG 94’ € G(m,n) such that

O@')={ReO(9)| R contains a constant }.
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The above theorem for m = 1 is trivial. Each ACG in G(1,n) defines
just a finite language. Lexicalization of a first-order ACG is just eliminating
all the nonlexical constants from the abstract vocabulary.

Note that the notion of lexicalization in this thesis differs from Schabes
et al.’s one [47,48], which is concerned with grammars that generate strings
through tree structures. They have defined the notion of lexicalization so
that it preserves not only the string language but also the tree language
yielding the string language. This definition requires grammars that should
be lexicalized to be finitely ambiguous, i.e., there is no string in the lan-
guage that has infinitely many trees yielding it in the tree language. Our
lexicalization method converts any semilexicalized ACG, which may be in-
finitely ambiguous in the sense that there are infinitely many A-terms in the
abstract language that are mapped to the same object term modulo 7, into
a lexicalized ACG, where the original abstract language may be lost.

4.3.1 Basic Idea

This subsection explains our basic strategy for lexicalizing semilexicalized
ACGs.?

In the sequel, for an ACG ¢ = (¥, >1,.Z, s), let us denote the set of
lexical constants by %," and the set of nonlexical constants by 4, . We denote
the lexical part of the abstract vocabulary by ©§ = (4%, %, , 7o), and the
nonlexical part by X; = (e, 6, , 7). An ACG is semilexicalized iff ¥ is
second-order. For M, N € A(3,), we write M <N (or M =~ N if £ is clear
from the context) iff 70(M) = 70(N) and L (M) = Z(N). For two sets I’
and A of terms, we write I' &~ A iff for every M € I', there is N € A with
M =~ N and vice versa.

For eliminating nonlexical constants from a semilexicalized ACG ¢ =
(30, 21,-Z, s), we construct a new ACG ¥4’ = (X, Xy, ¢, ') such that

o forevery A € 63, Z'(A) contains at least one lexical (w.r.t. .Z’) constant
ac G, .

o 0@ % A9).

Then, 9" = (¥(,%,, %L 0 £, ¢) is a lexicalized ACG by the first condition
and we see that O(¢") = O(¥) by the second condition.

2The idea presented in this subsection is based on a discussion among speakers, Ph. de
Groote, S. Salvati, R. Muskens, M. Kanazawa, and Yoshinaka, of the First Workshop on
Lambda Calculus and Formal Grammar held in 2005, Tokyo.
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For defining ¥ and .#”, in fact it is enough to find an integer ky € N
such that for every M € A(9), there is N € A(¥) with N ~ M and

Ho (N) < kg - #r (). (4.1)

0

Suppose that such an integer ky exists. Define ¥ and £’ : ¥, — 3, by

ok =
6y =1{la,c1,..., ] |0<k<ky,a€c b, et }
mo([a,c1, ... ck]) = (0(a) — 7o(cy) — - — To(ck) — 8) — s
Z'(p) = p for p € A,
L' ([a,c1, .-, ck]) = Mw.wacy . . . ¢.

Then, for ¢' = (3, 31, L0.Z", s), we see that O(¥¢) = O(¥"). The inclusion
O(9') C O(¥9) is trivial, since for every P € A(¥') we have |.Z'(P)|s, €
A(94). We show the converse. For M € A(¥), by the hypothesis we can
assume that

#%Of(M) < kg #%*(M)-

Let M’ be obtained from M by replacing each occurrence of a constant by a
fresh variable so that

M = M'[ay/x1, .. am/Tm, €1/ Y1, - - - s Cn/Yn)

where each a; is lexical and c; is nonlexical. Since n < ky - m, we can
partition the set {1,...,n} into m (possibly empty) subsets I1,..., I, such
that |I;| < kg. Let

P = [[al, 8[1]]<)\.T1]j[1.[[32, 8[2]]()\5622712. Ce [[am, glm]]()\xmglm-Ml> Ce ))

where ¢y, is a sequence of variables y; with j € I; and ¢y, is the corresponding
sequence of ¢; with j € I;. Then we have P € A(¥'), £'(P) = M and thus
O(¥') C O(¥). Note that the above construction increases the order of
the abstract vocabulary by 2. Although this construction will have to be
modified, explaining this basic idea should help the reader to understand our
lexicalization method.

How can we find that key integer k7 In fact, if the given ACG ¢ contains
no nullary or unary nonlexical constants, then kg is given as

ky = max{|r(a)| | a € €, }. (4.2)

Our algorithm first transforms the given semilexicalized ACG into an equiva-
lent one that satisfies the assumption that every nonlexical constant is neither
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nullary nor unary, but, we postpone the discussion of this transformation un-
til later. We here explain why the number given by (4.2) is enough under the
assumption. First we introduce the notion of a type occurrence in a term,
by explicitly displaying the type of every subterm occurring in a term, like
we do with variables. For instance, if M has type v — § and N has type 7,
then we write (MY~9N7)? instead of MN. If an atomic type p occurs in 7,
we have two corresponding occurrences of p in (MY ~°N?)?, one in the type
v — 0 of M and one in the type v of N. If an atomic type g occurs in ¢,
we have two corresponding occurrences of ¢, one in the type v — 6 of M
and one in the type 6 of M N. We then draw links connecting corresponding
atomic type occurrences as

1 1
( NoPl—=6ld] N'Y[p})is[q]

where ~[p] specifies an occurrence of the type p in v and likewise for d]q].
For an abstraction term (Az7.M°)Y~9 since M has exactly one occurrence
of the free variable 27 by the linearity, we can give links as follows

l?‘
()\xv.Mé[q] [x'y[p}] )w[p]ﬂa[q}

where M |z] specifies the occurrence of the variable x in M. Though the above
two examples illustrate links of length just one, links form longer paths in
a term. Consequently, for instance, the occurrence of p in the type of c is
linked to the one in the type of y in

y"ﬁd’ﬁq)ﬂ’"a“()\:cp.c I oL

Here we suppress the types of some subterms for conciseness. Actually the
path illustrated above passes through the occurrence of p in (ya)®—9=.
Note that in a linear term M, no path branches and every path has exactly
two end-points.

For conciseness, if the intended occurrence is clear, by “term” we mean
an appropriate occurrence of that term, and “type” we mean an appropriate
occurrence of that type.

Suppose that a f-normal term M is in A(¥). To compare the numbers
of occurrences of lexical and nonlexical constants, in other words, to make
sure that #¢— (M) < kg - #4+ (M) for ky defined as (4.2), we divide M into
one lexical part M, and several nonlexical parts My, ..., M,, so that

1. M= ()\Il .. .l‘m.Mo)Ml e Mm,
2. My € A(X{) and M is in long normal form,

3. M; € A(¥;) and M, is in long normal form for i > 1,
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4. for each ¢ > 1, M; has the form M, = Az, M], where Z; consists of
variables of atomic types, and M also has an atomic type and contains
no variables other than z;,

5. m is as small as possible.

The last condition forbids M, to have a subterm of the form z;N; (:L}]\@). If
My has such a subterm, we can decrease the number m of nonlexical parts

by replacing the subterm with xm»]\qfl N, and combining two nonlexical parts
M; and M; as follows:

Mi,j = )\glgg.Migl (Mjgg),

where |Z| = |Ny| and |%| = |Na|. Of course each M; cannot be Az.z. For
instance, if

M= b(kyfyS-C(ca(b(AyS-yo))) (b(Ay?fyZ-C(cylyz)(Cy3y4))),

where a,b € €5, c € €, To(a) = s, To(b) = (s — 5) — s, and 7h(c) = s* —
s, we let

Mo =b(Ayius.ai’ "3 (60w 40)) (w3 nyaps)) )

— S .5 .S
M1 = /\217121722’1’3.C(C21712172)2173,

My = N23 125 975 375 4-C(C20,122,2) (C22,322.4).

Suppose that a nonlexical part M; with ¢ > 1 has the form M; =
At 2B M with 1o(M;) = py — -+ — p, — q. M] can be regarded
as a tree over 6, U{z1,...,2,}. Since M contains no nullary or unary non-
lexical constants, every constant in M/ has at least two arguments. If a tree
contains no node of rank 1, then the number of leaves is larger than the num-
ber of internal nodes. In M;, every leaf node is a variable and every internal
node is a nonlexical constant. Thus, we have

1< #%-(Mi) <n=|n(M)|—1. (4.3)
On the other hand, the type of x; in My is 79(M;) = p1 — -+ — pp — q.

Now we are going to show that

{the path from each p; in the type of x; (4.4)

ends in the type of a lexical constant in M.

Since Mj is in long normal form, the occurrence of x; in M, has exactly
n arguments Ny,...,N,. Since the type p; of N; is atomic, N; is not an
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abstraction term. By the fifth condition, the head of NN; cannot be one of
the free variables 1, ..., 2, of My. If the head of N; is a lexical constant,

(4.4) holds. Other\mse it is a bound variable woo % where we find a path

p1—>---—>7J'—>---—>pn—>q Ao—Pj N7
€; / Nl---Nj71<w0 JN)NJJran

The path goes to the type of the abstraction term Lt()&oﬂpj)ﬂﬁ0 that binds the
variable wy,

LO = (AwBYOHPj'L[x§71~>...~>zJj~>...—>pn~>qN1 Nz 1 U)SLO*}A z+1 Nn/Z])(&O*}A]')HﬁO

Since M, has the distinguished type s, Ly of type (do — p;) — Bp cannot be
My. Since My is f-normal, Ly cannot have an argument. Thus we can find
the smallest application term K which has Lg as a proper subterm. K, has
the form

Koy = X*/H(ﬁﬂ(%ﬂ}%)éﬁo)ﬂ% E?(}\gﬁ_Lé&O_’Jj)_’ﬁ())_

If x is a lexical constant, (4.4) holds. Otherwise, since all free variables
L1, ..., Ty of My have a second-order type, x must be a bound variable. Let
x = w?ﬁ(ﬁ —(@0=pi)=F0)=% nd find the unique abstraction term that binds
the occurrence of wy. This way we can trace the path from the occurrence
of p; in the type of x;. If the path passes through the types of variables
Xi, Wo, W1, . .. in this order, then the type of w;, 1 is more complicated than
that of z;, i.e., ord(mo(w;41)) > ord(mo(w;)) + 2. Since My is finite, eventually
we see that the path ends in a type occurrence of a lexical constant. We have
proved the statement (4.4).

Suppose that the path from p; in the type of z; ends in the type a[pj]
of a lexical constant a. When conversely we start tracing the path from the
occurrence p; in afp;| = 7p(a), it cannot end in any other place than the
occurrence p; in the type p; — --- — p, — ¢ of x;. Therefore,

Z (‘7-0 Ty | - 1 Z #a ‘7'0 ‘

1<i<m acty

By (4.3) and the definition (4.2) of the key integer k¢, we have

o He M) < Y (M) -1) = > (o) - 1)

1<i<m 1<i<m 1<i<m

< Z #a(M)|70(a)| < #e+ (M) - max{ |7o(a)| [ a € Gt} = kg - e+ (M).

ae‘@mL

Remark 4.11. We note some properties of a path here.
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e In xM; ... M, where x is an atomic term, if a path starts from inside
M;, then it cannot go into any other M; with j # 1.

e If both two end-points of a path are inside the types of some constants,
then one point is at a positive occurrence of the atomic type, and the
other is at a negative occurrence of the atomic type.

4.3.2 First Step

Our actual lexicalization algorithm consists of three steps: firstly we con-
vert ¢4 into an ACG satisfying the conditions in Definition 4.12, secondly
we eliminate nullary and unary nonlexical constants, and finally all the non-
lexical constants are eliminated. This section is devoted to the first step.
The treatment of remaining steps varies depending on the order of the given
semilexicalized ACG.

The conditions in Definition 4.12 talk about the nonlexical part of the
abstract vocabulary.

Definition 4.12 (Condition I & ITI). A semilexicalized ACG ¥ = (X, ¥,
Z, s) satisfies Condition I if for every second-order closed term M € A(X;),
there is N ~ M such that

i. if 7o(M) is nullary, then N € €,
ii. if 79(M) is not nullary, then N contains no nullary nonlexical constants.

A semilexicalized ACG ¥ satisfies Condition II, if for every second-order
closed term M € A(X; ), there is a f-normal term N such that N ~ M and

i. if 79(M) is unary, then N € %,

ii. if N contains a unary constant ¢ € 4, , then the argument of c is a
bound variable (if any).

Lemma 4.13. Suppose that a semilexicalized ACG 9 satisfies Condition I.
Then for every M € AN(Xy), there is a B-normal term N € A(Xy) such that
N ~ M and if a nullary nonlexical constant c occurs in N, then either

e N =c,
e c occurs as an arqument of a lexical constant, or

e c occurs as an arqgument of a variable.
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Proof. Let us divide M into one lexical part My and several nonlexical parts
M, ..., M, so that

1. M= ()\Il .. .l‘m.Mo)Ml e Mm,
2. My € A(3) and M is in long normal form,
3. M; € A(¥;) and M, is in long normal form for i > 1,

4. for each ¢« > 1, M; has the form M; = A\Z;.M!, where Z; consists of
variables of atomic types, and M/ also has an atomic type and contains
no variables other than Zz;,

5. m is as small as possible.

By Condition I, there are Ny,..., N,, such that N; =~ M; and either N; is a
nullary nonlexical constant or N; contains no nullary nonlexical constants.
Let N = |My[N1/z1, ..., Nm/2m]|s and suppose that N; is a nullary nonlex-
ical constant c. If My = x;, then N = N; = c. If My # z;, there is M and
an atomic term x such that My = M| [quxj/z], since x; has an atomic type.
Since M, has no subterm of the form xiﬁl(xj]\_fg), x is either a lexical con-

stant or a variable other than xi,...,z,,. In N, N; appears as an argument
of x. O

Similarly we have the following lemma.

Lemma 4.14. Suppose that a semilexicalized ACG 94 satisfies Condition I1.
Then for every M € A(Xy), there is a (-normal term N € A(Xg) such that
N =~ M and if a unary nonlexical constant ¢ occurs in a subterm cN' of N,
then the head of N' is either a lexical constant or a variable.

Note that Condition II-i ensures that for every atomic type p, there is a
unary nonlexical constant e, € ¢ of type p — p which is mapped to the
identity A\zZ® z.

First we present the procedure for converting a semilexicalized ACG
G = (X,%1,-Z,s) into an equivalent ACG ¢’ = (X[, %,,.Z", s) satisfying
Condition I in Definition 4.12. We define the new abstract vocabulary X,
and lexicon £’ as extensions of ¥, and . by adding new nonlexical con-
stants. This procedure is performed on the nonlexical part ¥ of the abstract
vocabulary and we ignore the lexical part 3.
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Let I'y C ofy x { P € A(Xy) | P is a combinator } be defined as follows:

Ty =,
Fn—l—l :Fnu{<q, |$(C)P1Pm|ﬁn>|
Ce€5077 T(](c):pl — = Pm — ¢, <p@,PZ> EFn},

W:UW

Recall that for a fixed type, only finitely many linear combinators of that
type exist (modulo 8n). Thus, I'y is finite, because 7 (P) = Z(p) for every
element (p, P) € I'y. Obviously each I',, can be computed effectively. If
Iy = Ihyq, then Ty, = T4 for all £ > 0 and thus I'¢ = T',,. Therefore,
I'y can be computed effectively. Moreover, immediately by the construction
of I'y, for every variable-free term M € A(X;) of an atomic type, we have
(ro(M), |2 (M)]gy) € I'y.

To satisfy Condition I-i, for each (p, P) € 'y, let us put the following
lexical entries® into %

(Ip, P, p, P).

Next, for Condition I-ii, we add the following lexical entries
([7—q, INe.ZL(c)Pr...Pylgy], D— q, \&.ZL(c)Py...Py)
where
e Ccc Y,
o To(c) =p1— =P — 0,
e cither (p;, P;) € I'y or P, = x;,

e p and ¥ are the subsequences of p;...p, and z;...x,,, respectively,
such that p; is in p'iff z; is in & iff P, = x;.

We obtain the following lemma.

Lemma 4.15 (Condition I). Every semilexicalized ACG 9 € G(m,n) has
an equivalent semilexicalized ACG 9" € G(m,n) that satisfies Condition I in
Definition 4.12.

3Recall that a lexical entry of an ACG is a triple consisting of an abstract constant, its
type, and the assigned object term.
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Proof. Let 4’ be the ACG obtained from an ACG ¢ by the above procedure.
Since ¢’ is an extension of ¢, clearly O(¥¢) C O(¥') holds. Moreover since
the role of a new constant can be played by finitely many nonlexical constants
of ¢, the converse O(¥’') C O(¥) holds. It is clear that for every p € 4
and P € A(X;) the following three are equivalent:

e there is a variable-free term L € A(X;) of type p with |.Z(L)|s, = P,
b <p7 P> € Fg,

e there is a nullary nonlexical constant of type p in 4 that is mapped
to P.

We show that ¢’ satisfies Condition I. Since for every M € A(X] ), there is
L € A(X;) such that 70(L) = 7{(M) and £ (L) = Z'(M), it is enough to
show that for every closed second-order term L € A(X; ), thereis N € A(X)
such that

e 70(L) =7{(N) and Z(L) = Z'(N),
i. if 79(L) is nullary, then N € ;"
ii. if 70(L) is not nullary, then N contains no nullary nonlexical constants.

Condition I-i is satisfied by the above equivalence relation. We show that
Condition I-ii is satisfied by induction on #%—(L). Suppose that a closed

second-order term L € A(X;) has the form
L =\jcL,...L,

with i # e for a nonlexical constant c of type p; — -+ — p,, — ¢. Let 3;
be the subsequence of ¥ whose elements appear in L; and [ = {i | y; # ¢ }.
Note that I # @ by y # . By the induction hypothesis and Condition I-i,
for each i € {1,...,m} we have N; € A(X;") such that

o 75(N;) = 10(Ay;.L;) and Z'(N;) = L (\y;.Ly)
e N; € 6, (and thus (p;, |-Z"(N;)|g,) € Ty) if i & 1,
e N, contains no nullary constants if ¢ € I,
By the definition, we have the constant [p; — ¢, P] where
o P=|\t1.ZL(c)Pi... Py,
o P,=2'(N;) fori &1,
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o P=ux;foriel,

e p; and 77 are the subsequences of p;...p, and z; ...z, respectively
such that p; is in py iff x; isin 77 iff 7 € 1.

Thus, for
we have 7)(N) = 79(L) and £’ (N) = Z(L). Since I # @, [p; — ¢, P] is not

nullary. N contains no nullary constants. 0

The procedure for converting a semilexicalized ACG ¥ into an equivalent
ACG satisfying Condition II in Definition 4.12 is similar to the procedure
for Condition I. We define an extension ¥’ of ¢’ assuming that the ACG
¢ satisfies Condition I. Let Ay C (o — o) x {P € A(X;) | Pis a
combinator } be defined as follows:

No={({p—pa?Pa)|pe o}
Aot = Dy U{ (p = 1. M Z(0)(Pa)lon) | ¢ € G o7o() = g — 7
(p — q, P) € A, for some q € %% }

By a similar reason to the reason for the computability of 'y, Ay can be
computed effectively.

To satisfy Condition II-i, for each (p — ¢, P) € Ay, we add the lexical
entries

(Ip—q,Pl, p—aq P)
To satisfy Condition II-ii, furthermore we add the following constants
[pr = - = pm =1, Az1 2 Po(L(C)xr . )| ]
where
e CEGC ,
o To(c) =p1— = Pn — G,
o (g —r P € Agy.

Let 74([a, P]) = o and Z"(Jar, P]) = P. This way, we obtain the following
lemma.
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Lemma 4.16 (Condition II). Every semilexicalized ACGY € G(m,n) has
an equivalent semilexicalized ACG 9" € G(m,n) that satisfies Conditions I
and II in Definition 4.12.

Proof. Let 4’ be the ACG obtained by the above procedure from an ACG
¢, which satisfies Condition I. It is clear that O(¢) = O(¥¢’) and for every
p,q € % and P € A(3) the following three are equivalent:

e there is a closed term M € A(X) of type p — ¢ with Z(M) = |P|g,,
i <p_)Q7P>€Ag7

e there is a unary nonlexical constant of type p — ¢ in %y that is
mapped to P.

This equivalence relation entails that ¢’ satisfies Condition II-i. To prove
that ¢’ satisfies Condition II, it is enough to show that for every closed term
L € A(Xy) of type p— r with |p] > 2, there is N € A(X;) such that

o 7(L) = 7(N) and Z(L) = £'(N),

e if V contains a unary constant ¢ € %, then the argument of c is a
bound variable.

We show that Condition II-ii is satisfied by induction on #-(L). Let a

second-order closed term L € A(Xg) have the form L = Aj.dL where |§7] > 2
and To(dl_:) € . Since ¥ satisfies Condition I, we can assume that L
contains no nullary constants. If |E| > 2, the lemma holds immediately by
the induction hypothesis. Suppose that |E\ = 1. L has the form

L=gdi(...(du(cLy...Ly))...)

where d; = d, all d; are unary, and c is m-ary for some m > 2. By |y] > 2,
such a constant ¢ occurs in L. Let 79(c) =p; — -+ — p, — ¢ and

Py=2(A2%d1(...(dp2)...)).
Since (¢ — 1, Py) € Ag for ¢ — r = 19(Az.dy (... (d,2)), 6 has the constant
e=[p1— = pm—r Av1. 2 Bo(L(Q)1 .. )| gy

Let N; € A(X}) be obtained by applying the induction hypothesis to Ay;.L;
where 7; is the subsequence of i whose elements appear in L;. Then, the
following N satisfies the condition:
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4.3.3 Second-Order Case

Though Yoshinaka and Kanazawa [61] have already stated that every second-
order ACG has an equivalent lexicalized second-order ACG modulo combi-
nators, the proof of that paper is in error. This subsection presents a correct
lexicalization method for second-order ACGs. Another correction is shown
by Kanazawa and Yoshinaka [27].

Elimination of Nullary and Unary Nonlexical Constants

Suppose that a given second-order ACG satisfies Conditions I and IT of Defi-
nition 4.12. We eliminate nullary (resp. unary) nonlexical constants in a way
similar to the procedure to make an second-order ACG satisfy Condition I-ii
(resp. Condition II-ii). Let us add the following lexical entries to ¢:

([\NZ2.aPy...Py), — q, L(\Z.aP;...Py,))

where

e ac %,

e (a) =p1 — - — ppm — q and () = p;,

o cither P, € 6, or P, = x;,

e p;isin piff z; isin ¥ iff P, = x;.
and
([Aeq ... xpclbry ... xp)], p1 — - = pm — 1, L(Axy .. xpc(bzy . )
where

e be %,

o To(b) =p1 — = pm — 4,

e cc 6, of typeq—r.
This way, we obtain the following lemma.

Lemma 4.17. Every ACG 9 belonging to G(2,n), has an equivalent (mod-
ulo combinators) ACG 4’ € G(2,n) which contains no nullary or unary
nonlexical constants.
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Proof. Let ¢’ be the ACG obtained from a second-order ACG ¢ by the above
procedure. It is enough to show by induction on M € A(Xq) — A(X,) that
if a variable-free term M has an atomic type, then there is N € A(X,) such
that N ~ M and N contains no nullary or unary constants. The proof for
Lemma 4.16 can be applied to this claim with few modification. Therefore,
when we eliminate all the nullary and unary nonlexical constants from ¥,
the object language does not shrink other than combinators. O

Elimination of Nonlexical Constants

If a second-order ACG ¢4 € G(2,n) has no nullary or unary nonlexical con-
stants, then every M € A(¥) contains more occurrences of lexical constants
than those of nonlexical constants. Therefore, as we have described in Sec-
tion 4.3.1, the equation (4.1) holds for ky = 1. Let ¢’ = (¥, 31, L0.Z",s) €
G'**(4,n) where

x €6, 7(%) Z'(x) for |
3 To a) a ac Cgo—’—
Asc [ (10(c) = 70(a) = s) = s | A\v.vca |a € Gy, c € Gy

However, this construction is not satisfactory because the order of ¢’ is four.
A naive alternative strategy would be to define 7} and .2’ so that

e For each variable-free term M € A(X,) of an atomic type, there is
P e A(X)) such that .Z'(P) = M.

This idea, however, does not work. Suppose that M = cM; ... M for a
nonlexical constant ¢ € ¢, and we have Py, ..., P, € A(X)) with Z'(P;) =
M; by the induction hypothesis. To construct M from Z'(P),..., L' (P),
exactly one extra nonlexical constant c is required, but no lexical constant
is needed. It is impossible if ¢’ is lexicalized. We should use a lexical
constant together whenever we use a nonlexical constant. Rather, consider
the following statement:

* For each variable-free term M € A(Xg) of an atomic type, there are
P e A(X}) and a € €, such that 19(a) € o and L' (P')a= M.

Suppose that M = cM; ... M, for c € €, and we have .£'(P/)a; = M,. Note
that £ > 2, since a nonlexical constant is neither nullary nor unary. Then,

M =c(ZL'(P))ay) ... (L (P))ag)
= ()\xl . TRZ.CTY .. .:Ek_g(:pk_lak_l)(xkz))
(Z'(P))a)... (L' (Pr_z)an—2) L (P_1) L (P)ay.
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If we have a constant A € 6 such that

L'(A) = Ary...apzcry o xpo(wp_1ap1) (T2),
then for P' = Ay (Play)...(P_sar—2)P,_ P/, we have M = Z'(P')aj_1.
That is, we can use the statement (%) as an induction hypothesis.

Proposition 4.18. Let & be a second-order ACG that contains no nullary
or unary nonlexical constants. For the following third-order ACG 4’ =
(34,20, -Z", s) with £ (p) = p, we have O(9') = A(9):

X € 6, 74 (x) Z'(x)
a T0(a) a
Dacyy [T— (0 = p) = (¢ — q) = q— 1 | Mi'a? ~Py? 929 cii(za)(y2)

where a € €y, c €€y, (d) =7, o(c) =t = p—q— 1, and ¢’ € <.

Proof. 1t is enough to prove the above statement ().

Basis. If M = a € 6", let P' = \a™® 7.

Step. If M = cM; ... M, for c € €, , we can get P’ that satisfies (x) as
discussed above.

Suppose that M = bM; ... My for b € €7 and k > 1. By the induction
hypothesis, we have Py, ..., P, € A(X}) and ay,...,a;, € 6, such that M; =
Z'(P!)a; for each i € {1,...,k}. Let

P = \zb(Play) ... (P_jan_1)(PL2). 0

Corollary 4.19. For every second-order ACG Y € G(2,n), there is a third-
order ACG 9" € G'*(3,n) such that O(9') = {P € O(¥4) | P contains a
constant }.

This solution is not yet satisfactory, because the lexicalized ACG is third-
order.

If every P € A(X) such that Z'(P) = M for M € A(¥) can be
constructed with application only, we can reduce the order of the abstract
vocabulary to two. Since the usage of variables and A-abstraction in the
proof of Proposition 4.18 is tightly limit, we can modify ¢’ into ¢” so
that P’ in the statement (%) can be constructed only by application. Let
G" = (30,30, ZL",s) consist of the following lexical entries:

X €6y 7 (X) Z"(x)
ep p—p AxP.x
a To(a) a

Dicy |[t— (W= p) = (¢ — q) = ¢ — 1 | \a? ~Py? =927 cii(za)(y2)

by t—( =g —qd—r Myt 129 bii(yz)

@5)
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where a € %", 70(a) € A, c € €5, To(c) =t - p —q— 1, bcE,
To(b) =t —=q—r.

Then, replacing each subtype (p — ¢) with a new abstract atomic type
[p — ¢q]*, we get a second-order ACG. Although #”(e,) contains no lexi-
cal constants with respect to £ and thus e, is nonlexical with respect to
Z o %" we can eliminate this nonlexical constant e, in the same way as
Lemma 4.17. This way, we obtain the following definition, where a further
minor modification is added for the compactness of the new grammar.

Definition 4.20. Let a second-order ACG ¥ = (¥0,%;,.Z,s) € G(2,n)
contain no nullary or unary nonlexical constants. We define a second-order

ACG @' = (50,5, Lo L', s) € G(2,n+1) (L5 — %) by

dy = dyU{[p—dq]|pqge o}
ZL'(p)=plorpe o, and L' ([p — q]) =p — q for p,q € %,

| x € 4| 75(x) | Z'(x) |
[a] p a
[a-] p—rl—r AP~ xa

fora € %,, o(a) =p € A, r € %,

[b] t—lg—r] A2 bz
[by] t—lp—q—[p—r] Xii'yP 2P iy z)
for b € &, To(b):tﬁeq—wn7 p € o,
[ A | £ — [q — 1] | N2 cijaz |
forac %, , n(a)=p, c€ €, o(c)=t —=p—q—r,
‘ Bacy ‘ t—lqd —q —[qd — 1] ‘ Mty 929 ca(yz) ‘
fora € €, o(a) =p, c€ 6, (c)=t—p—q—r ¢ €,
‘ Cac ‘ t=p —pl—lg—r] ‘ Mt =P 21 i (ra) 2 ‘

fora € 6,7, o(a) =p', c€ %, , Tolc) = t—p—q—rm,

‘ Dacy ‘ t— [p’ — p] — [q’ — q] — [q’ — 7’] ‘ )\’LU{:L’I’/_’pyq/_’qzq/.C’LU(:L‘a)(yZ) ‘
for a € 6,7, o(a) =p', c€ %y, To(c) —t—p—oq—or, ¢ € .

Lemma 4.21. O(9') = O(9).

“For instance, we replace Dacyy with two new constants that have different types t—
' —pl—=ld—=d—¢—radt—[p'—p —d—q—[—r]
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Proof. The inclusion O(¥4') C O(¥) is trivial. To see the converse O(¥¢) C
O(4"), we show that the following claim by induction on M.

For every variable-free term M € A(3,) of an atomic type r, there is
P e A(X)) of type r such that £'(P) = M. Moreover, if M ¢ %, there
are P’ € A(X{) and a € € such that m9(a) = p, 75(P') = [p — r], and
Z'(Pa= M.

Basis. M is a constant. If M = a € %, then a € %, since ¥ has no
nullary nonlexical constants. Let P = [a] € 6.

Step. Case 1. The head of M is a lexical constant b € 6. Let M =
bMj... MgN, 1o(b) =t; — -+ = tx — q— 1, 10(M;) = t;, and 7o(N) = q.
By the induction hypothesis, there are Py, ..., P, € A(X{) such that 7)(P;) =
ti, and g/(PZ) = Mz

Case 1.1. N = a € ¢, . By the definition, there are constants [b], [a,] €
%, such that

(b)) =ti — - —tp — [g—7], ZL([b]) = Ml wFlbw .. w2,
o([a]) =lg —r] =, L' ([a,]) = AxT" .xa.

Let P' = [b]P,... P, and P = [a,]P’. We have 79(P’) = [q¢ — 7], To(P) =1,
and

Z'(P) =2 (P)a= (A"bM,...Myz)a=bM, ... MN =M.

Case 1.2. N ¢ %,. By the induction hypothesis, there are Q' € A(X)
and a € 6, such that 7(Q’) = [p — q|, T7o(a) = p, and £’ (Q")a = N. There
is a constant [b,] € €; such that

To(bp) =tr =+ =ty = [p— gl = [p—7),
ZL'(by) = Mt wFyP TP bwy .. wg(y2)

Let P' = [by]P.... Q" and P = [a,]P’. We have 74(P') = [p — ],
70(P) = r, and

Z'(P) =L (P)a=bM,...M(ZL(Q)a)=bM,... MN = M.

Case 2. The head of M is a nonlexical constant ¢ € 6, . Let M =
cMi ... MxN1Ny and 19(c) =t; — +-+ — tp — p — q¢ — r. By the induction
hypothesis, there are Py, ..., P, such that 7/(P;) = t; and Z'(F;) = M,.

Case 2.1. Ny =a € €, and Ny = b € €. There is a constant A,. € 6
such that

T(S(Aac):tlﬁ"'ﬁtk_)[qﬁr]?

t
L' (Ase) = Mt w2l cw; .. wiaz.
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Let P =A,cP;... P, and P = [b,]P’. We have 7(P') = [¢ — 7], T{(P) =,
and
Z'(P)=%"(Pb=cM,...Mab= M.

Case 2.2. Ny =a € 6, and Ny € 6,". By the induction hypothesis, we
have Q) of type [¢’ — ¢] such that Z’(Q))b = N, for some b € 6, of type
¢'. There is a constant B,., € % such that

70(Bacy) =t = - =ty = [¢' = gl = [¢" — 7]
2 (Bacy) = it . wlhy? =027 cwy . wia(yz).

Let P' = Buey P PiQy and P = [b]P'. we have mj(P) = [ — 1],
70(P) = r and

gl(P) = Z/(Pl)b = CM1 Ce Mka(Z’(Q'Z)b) = CM1 Ce Mk-NlNQ =M.

Case 2.3. Ny € 6,7 and N, = b € %,'. By the induction hypothesis, we
have Q] of type [p' — p| such that Z’(Q})a = N; for some a € €, of type
p'. There is a constant C,c € %] such that

70(Cac) =t1 =+ =t = [p' = pl = [g = 7],
ZLN(Coo) = Molt . wla? TP cwy . w(xa) 2.

For P = C,c Py ... P.Q} and P = [b,] P’, we have 7{(P') = [¢ — r], 7)(P) =r
and

g/(P) = DgI(PI)b = CM1 C Mk(fl(Qll)a)b = CM1 C MkNlNQ =M.

Case 2.4. Ny € €," and N, € 6,". By the induction hypothesis, we have
1,Q5 € A(X) and a,b € %" such that

7(Q1) =[P — pl, Z'(Q))a = Ny, T(a) =7,
70(Q5) = [¢ — 4l Z'(Q5)b = Ny, To(b) = ¢'.

By the definition of ¢!, there is a constant Dacy € 65 such that
To(Dacy) =t1 = - =ty = P = pl =l — g = [¢ — ),

L' (Daeg) = Ml . wlka? =Pyt =07 cwy . wy(ra) (y2).

Let P’ = Doy Pr ... PQ1 Q5 and P = [b,]P. We have 7\(P') = [¢ — 7],
70(P) = r and

L'(P) =L (P)b=cM, ... My(L(Q)a)(L(Q))b) = M. 0

Theorem 4.22. For every second-order ACG ¢ € G(2,n), there is a lexi-
calized second-order ACG 9" € G(2,n+ 1) such that

O@')={ReO9)| R contains a constant }.
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4.3.4 Fourth or Higher-Order Case

As we have mentioned at the beginning of Section 4.3.2, we start this section
with elimination of nullary and unary nonlexical constants.

Elimination of Nullary and Unary Nonlexical Constants

Lemma 4.23 (Elimination of Nullary Nonlexical Constants). For
every semilexicalized ACG 94 € G(m,n), we can find a semilexicalized ACG
' € G(max{3,m},n) such that 4’ contains no nullary nonlexical constants
and

O@)={ReO(¥)| R contains a constant }.

Proof. By Lemma 4.16, we can assume that a given ACG ¢ = (X, ¥1,.Z, s)
satisfies Conditions I and II in Definition 4.12. We let an ACG ¢’ =
(X6, 21,2, s) have the following lexical entries, where .o7) = o and £’ (p) =
Z(p) for p € o.

e (c, 19(c), Z(c)) for all c € €, unless 19(c) € ),
o ([M], 10(M), ZL(M)) for each M of the form
M = /\ZL‘l . xn.a(xchl Ce Cl,ml) c. (ZL‘nCnJ Ce Cn,mn)

where a € %OJF, 7’0(3) =71 = "= Y — (g, Cj; € Cgo_, To(Cz‘,j) = Dij,
0(xi) =pi1 — - = Pim;, — v and 0 <my; < |y,

Since the order of the type of the bound variable x; in the above M is

. 3 . >
ord(pin — -+ = Pim, — Vi) = {max{Q,ord(%)} if m; >1

ord(7;) if m; =0,

we have ord(7)([M])) < max{3,ord(7y(a))}. Thus, ¥’ € G(max{3,m},n) if
¢ € G(m,n). Moreover, 4" also satisfies Condition II.

[O(@") C{R e O(¥Y) | R contains a constant }|

The inclusion O(¥¢’) C O(¥) is obvious. We show that O(¥’) contains
no combinators. Since every nonlexical constant ¢ € %, has non-nullary
second-order type, if P € A(X;) is closed, it cannot have an atomic type, in
particular, the distinguished type. Thus if P € A(¥’), it contains a lexical
constant.

[{R € O(¥) | R contains a constant } C O(¥4')]

We say that an occurrence of a nullary nonlexical constant is linked to an
occurrence of a lexical constant if the path which starts from the type of the
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occurrence of the nullary nonlexical constant ends in a subtype of the type of
the occurrence of the lexical constant. A term M € A(X,) is said to satisfy
the linking condition if for every occurrence of a nullary nonlexical constant,
there is an occurrence of a lexical constant to which the occurrence of the
nullary nonlexical constant is linked.

In fact, every M € A(Y) — A(X;) has an equivalent term M’ ~ M that
satisfies the linking condition. Since ¢ satisfies Condition I in Definition 4.12,
we can assume that if a nullary constant ¢ occurs in M, the occurrence is as
an argument of a lexical constant or a bound variable, by Lemma 4.13. If the
functor is a lexical constant a, then c is linked to the lexical constant a. If the
functor is a bound variable, then as we have described in Section 4.3.1, we
can trace the path until it ends in a subtype of the type of a lexical constant.
Thus, here we assume that M satisfies the linking condition.

By induction on the size of M, we show that for every long normal term
M € A(3) that satisfies the linking condition, there is P € A(X{) with
0(P) = 10(M) and £’ (P) = L (M).

Case 1. Suppose that M is of the form M = Ax.M’. Since M satisfies the
linking condition, also M’ satisfies the linking condition. By the induction
hypothesis, we have P' € A(X)) with 7)(P’") = 70(M') and Z'(P') = L (M’).
For P = \z.P' € A(X}), we have 7{(P) = 10(M) and £'(P) = Z(M).

Case 2. If M is of the form M = c for a nullary nonlexical constant c,
then M cannot satisfy the linking condition.

Case 8. If M is of the form M = xM; ... M, for some variable or non-
nullary nonlexical constant x, then each M; satisfies the linking condition
(see Remark 4.11). By the induction hypothesis, there is P; € A(X() with
0(F;) = 10(M;) and Z'(P;) = Z(M;). For P =xP, ... P,, we have 7(P) =
70(M) and Z'(P) = Z(M).

Case 4. The remaining case is that M is of the form
M =aM;... M,

for some lexical constant a € 6;" of type y1 — -+ — 7, — ¢. For each i €
{1,...,n}, let M! be obtained from M; by replacing with fresh variables z; all
the occurrences of nullary nonlexical constants linked to the head occurrence
of a, so that M/ satisfies the linking condition. By the induction hypothesis,
there is P/ such that 7{(P}) = 70(M]) and Z'(P!) = £ (M]). Let c; be such
that

By the property of paths, |¢;| < |v|. By the definition of ¥’, we have
[N] € € for
N =Xzy...zp.a(21C) ... (2,C).
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Thus, for P = [N](A\z1.P])...(AZ,.P)), we have 7{(P) = 79(M) and
ZL'(P) = Z(a(M[c1/7]) ... (M,[6,/2])) = L (M). a

Lemma 4.24 (Elimination of Unary Nonlexical Constants). For ev-
ery semilezicalized ACG ¢ € G(m,n), we can find a semilexicalized ACG
' € G(max{4, m},n) such that 4’ contains no nullary or unary nonlexical
constants and

O@)={ReO(9)| R contains a constant }.

Proof. By Lemmas 4.16 and 4.23, we assume that ¢ contains no nullary non-
lexical constants and satisfies Condition II in Definition 4.12. O(¥) contains
no combinators.

We let an ACG ¢’ have the following lexical entries:

o (c, 1o(c), Z(c)) for all c € 6, unless 1y(c) is unary,
o ([M], To(M), £ (M)) for each M of the form

M = Mo TN ot = ¢ (a(21E)) - (20E))

n

- _ 2
where a € 6", (@) =11 — - = Y — ¢, C =Ci1.. Cim;, M < |7,
and each ¢;; is a nonlexical constant of unary type «; ;.

Since the order of the type of the bound variables z; in M is

Ord(ai,l — s > Qg ’Yz‘)
= max{ord(a, ;) + 1, ord(y;) | 1 < j <m; } <max{3,ord(y,)},

we have ord(7)([M])) < max{4,ord(7o(a))}. Thus, ¥’ € G(max{4, m},n) if
¢ € G(m,n).

The inclusion O(¢’) C O(¥) is trivial. We show the converse relation
O¥) C O9').

We say that an occurrence of a unary nonlexical constant of type p — ¢ is
linked to an occurrence of a lexical constant if the path which starts from the
negative occurrence of the subtype p in the type p — ¢ of the occurrence of
the unary nonlexical constant ends in p in the type of the occurrence of the
lexical constant. A term M € A(X) is said to satisfy the linking condition if
for every occurrence of a unary nonlexical constant, there is an occurrence of

a lexical constant to which the occurrence of the unary nonlexical constant
is linked.
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In fact, every M € A(Y) — A(X;) has an equivalent term M’ ~ M
that satisfies the linking condition. Since ¥ satisfies Condition II in Def-
inition 4.12, we can assume that if a unary constant c occurs in M, the
head of the argument of c is either a lexical constant or a bound variable by
Lemma 4.14. If it is a lexical constant a, then c is linked to the lexical con-
stant a. If it is a bound variable, then as we have described in Section 4.3.1,
we can trace the path until it ends in a subtype of the type of a lexical
constant. Thus, here we assume that M satisfies the linking condition.

By induction on the size of M, we show that for every long normal term
M € A(3,) that satisfies the linking condition, there is P € A(X{) with
0(P) = 10(M) and £ (P) = L (M).

Case 1. M = A\x.M' for some z. By the induction hypothesis we have
P e A(X)) such that 7{(P') = 19(M') and Z'(P") = Z(M'). Thus, for
P = X\z.P' € A(X)), we have 74(P) = 7o(M) and Z'(P) = L (M).

Case 2. M = xMj ... M, where x is a variable or a non-unary nonlexical
constant. By the induction hypothesis we have P; € A(X) such that 7)(FP;) =
10(M;) and L'(P;) = L (M;) for 1 < i < n. Thus, for P = xP,...P, €
A(X)), we have 7)(P) = 19(M) and .£'(P) = L (M).

Case 3. Suppose that the head of M is a unary nonlexical constant
Cop € 6, of type p — q. Since M satisfies the linking condition, M is of the
form

M = C0(3M1 ce Mn)

for some lexical constant a of type 73 — - -+ — 7, — p. Let M/ be obtained
from M; by replacing with fresh variables z; all the occurrences of unary
nonlexical constants linked to the head occurrence of a, so that M/ satisfies
the linking condition. By the induction hypothesis, there is P/ € A(Xf) such
that 7)(P!) = 10(M]) and £'(P!) = Z(M]). Let ¢; be such that

M; = Mi[ci/Z].

By the property of paths, |¢;| < |y;|. By the definition of ¢¥’, we have
[N] € €; where

N = A wy ... wy.co(a(wiCy) ... (w,Cp)).
Thus, for P = [N](AZ1.P])...(\Z,.P.), we have

Z'(P) = .Z(co(a(]\/[{[c?l/,?l]) e (M;L[an/gn])))
= ZL(co(aMy ... M,)) = L(M).

Case 4. Suppose that the head of M is a lexical constant a of type
Yy — -+ — v, — p. M has form M = aM;...M,. Since ¥ satisfies
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Condition II-i, there is a nonlexical constant e, € €, of type p — p with
Z(e,) = Az.x, so M ~ e,M. This case is reduced to Case 3, where we use
the induction hypothesis with respect to each M; but not to aM; ... M,. O

Elimination of Nonlexical Constants

Lemma 4.24 implies that every semilexicalized ACG has an equivalent lexical-
ized ACG as we have discussed in Section 4.3.1. The lexicalization method in
Section 4.3.1 constructs a new ACG whose object vocabulary is the original
abstract vocabulary and whose lexical entries have the form

([a,c], (r0(a) — 70(C) — s) — s, Aw.wac),

where the bound variable w “grasps” and “controls” original abstract con-
stants and then puts them at any places in a term we want. That trick is
powerful, but causes the increase of the order of the grammar by two. To
avoid this, we refrain from controlling lexical abstract constants, but continue
to grasp nonlexical ones, by a bound variable in new lexical entries. Since
the orders of nonlexical constants are at most two, this new strategy does not
increase the order of the grammar if the order of the given semilexicalized
ACG is four or higher.

Definition 4.25. Let a semilexicalized ACG ¢ = (3¢, %1,.%, s) € G(m,n)
contain no nullary or unary nonlexical constants. Let I' C A(Xg) be the set
of closed terms of the form

Awy ... wy.a(wicy) ... (w,G,) or
Awowy . .. wy.woCo(a(wicy) . .. (wnCy)))
where a € 6,7, ¢y and constants in ¢; are all nonlexical, To(a) =7, — -+ —
Yn — D, To(wo) = To(co) — p — ¢ for some q € A, To(w;) = 70(C;) — 7 for
i>1,and 0 < |¢;| < |70(7:)|. Note that I' is a finite set.
The lezicalized form of 4 is an ACG ¢' € G(max{4,m},n) that has the

form

G = (2,2, L 0L s)

where

Ay = A,
G ={[M]|MeT},
To([M]) = 70(M),
Z'(p) = p for p € o,
Z'([M]) = M for [M] € €.
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Example 4.26. Let 4 = (%, %;,.%, s) have a lexical constant a € 6" of
type (s — s) — s and a nonlexical constant ¢ € 4, of type s> — s. Let us
consider the terms M and cMM in A(9), where

M = a(Az}.a(Avy.a(Azg.a(Ary.c(crim2)(CcT374))))),

Let ¥' = (3, X0,-Z", s) consist of the following lexical entries:

X € 6, 76(X) Z'(x)
a (s = s)—s a
A v =S Aw?.a(wc)
B 7=y — s | Awjw?.wyca(we)

where v = (s — s5) — s — s. For

N = AQw; 72 AQws 25 A; T r.a(Ae g (yar22) (y313240))))),
N' = By 72" yozN)
My 2L AQws 25 A 2s.a (Mg (yor22) (y37324)))),
we have Z'(N) = M and Z'(N') = cM M.

Definition 4.27. Let ¢ be a semilexicalized ACG that has no nullary or
unary nonlexical constants. A [-expansion (Azj...x,,.My)M;...M,, of a
B-normal term M € A(X) is standard if

[ ] MO € A(Zar),
o M, e A(Xy) fori e {1,...,m},
e every bound variable of M; has an atomic type for i € {1,...,m},

e for every free variable y of M; for ¢ > 1, there is a nonlexical constant
c with 79(y) = 70(c).

e there is no subterm of the form xiﬁl($j]\72)]\73 of My fori,j e {1,...,m}.

Let #(My, z;) denote the number of negative occurrences of atomic types in
the type 7o(x;) of the occurrence of x; which are linked to a subtype of the
type of some occurrence of a lexical constant in M. A standard S-expansion
is good iff #%f(MZ-) < #(Moy, x;) holds for every M;.

Note that every M; (x;) has a second-order type for ¢ > 1.

Lemma 4.28. For every M € A(9), M has a good standard (3-expansion.
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Proof. First we show that M has a standard (-expansion. Suppose that
M € A(¥) has m occurrences of nonlexical constants cy,...,c,. Let M, €
A(3) be such that M = (Azy...x,.Mo)cy...cp, and M; = ¢; for i €
{1,...,m}. If (\y...2.Mo)M; ... M,, is a good (-expansion of M, the
proof is done. Otherwise, M, has the form M, = No[xiﬁl(xjﬁz)/w] for
some 4,5 € {1,...,m}. Assume that i = m —1 and j = m. Let M| =
Nolz; Ny NoJw] and M] = A2y 7. M;Z(M;2,), where |7 = |Ny| and || =
|J\72\ If Aoy @y ME)My ... My, o M), is a good [-expansion of M, the
proof is done. Otherwise, by repeating this procedure, eventually we get a
good (3-expansion of M.

Let (AZ.M,) M be a standard S-expansion of M and 7o(z;) = pig — -+ - —
Pin, — Pi- The occurrence of p; ; must be linked to some subtype of the type
of an occurrence of a lexical constant, as we have described in Section 4.3.1.
Thus #(My, z;) = n;. On the other hand, the long normal form of M; has the
form Az; ;... %, .M], where M] has an atomic type. M; can be regarded as a
tree on 6, U{zi1, ..., zin, } whose leaves are exactly z;1, ..., 2z;,,. Recall that
if a tree contains no node of rank 1, then the number of leaves is larger than
the number of internal nodes. Since M/ contains no nullary or unary constant,
we have #¢—(M;) < n;. Thus the standard f-expansion is good. O

Lemma 4.29. If M has a good (-expansion and contains a nonlexical con-
stant, then M contains some lexical constant.

Proof. Let (Azy ...x,.My)Mi ... M, be a standard -expansion of M. Since
M contains a nonlexical constant, there is M), with #,-(M;) = 1. By
#e (M) < #(Mo, xy,), Mo contains a lexical constant. O

Lemma 4.30. For a semilexicalized ACG 9 = (X0,%1,-Z,s) € G(m,n)
which contains no nullary or unary nonlezical constants, let 9’ = (3, Xo,
L' s) € G(m, 1) where 3y and " are defined in Definition 4.25. We have
AG) =0(9").

Proof. The inclusion O(¥4’) C A(¥) is trivial.

To show the converse, by induction on the size of M, we show that if a
fB-normal term M € A(X) has a good [-expansion, then there is P € A(X))
such that 7(P) = 70(M) and Z’'(P) = M.

Let (AZ.My)M be a good fB-expansion of M. There are four cases, de-
pending on the form of My. Without loss of generality, we can assume that
every element of M contains a constant. If (AT 2075 MO)MlLMQ is a good
B-expansion of M where L is constant-free, then (A& a%.Mo|L/x]) My M, is
also a good [(3-expansion.
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Case 1. My = Az.Mj. Clearly ()\:E'Mé)M is a good [-expansion of its
f-normal form M’ = |(AfM6)M|5 Since M’ is strictly smaller than M =
Az.M’, by the induction hypothesis, we get P’ € A(X{) with 7)(P’) = 70(M")
and Z'(P') = M'. For P = \z.P' € A(X[), we have 7)(P) = 10(M) and
L'(P) = M.

Case 2. My = wNyyp... N, for some variable w not in Z. Let Z; be the
subsequence of & such that Z; consists of the variables appearmg in N, o, and

M; the corresponding subsequence of M. Let N; = N; O[M /%;]. That is,

M = My[M /%] = wNyy ... N, o[M/Z]
— w(Nyo[My/71]) ... (Nno[M,/Z,]) = wNy ... N,.

Clearly ()\fi-Ni,o)Mi is a good f(-expansion of N; (see Remark 4.11). By
the induction hypothesis, we have P; € A(X{) with 7)(P;) = 7o(N;) and
Z'(P) = N,;. For P = wP,...P, € A(%]), we have 7)(P) = 79(M) and
ZL'(P)=M.

Case 3. My = aN;g... N, for some lexical constant a € CKO‘L of type
Y — - — Y, — p. Let @;1...2;,, be the subsequence of ¥ such that z; ;

appears in N; o, and M, ;... M, ,,, the corresponding subsequence of M. Let
N; = Ni,o[Mi,j/fEi,j]lstmr (4'6)
That is,
(M) M = (Mg h 225, Mo) (M 155,
1<i<n
= Mo[M; /i h<i<m,
=aNip.. Nno[Mzg/%JHgSg?nl

= a(N1o[My/7151<i<m) - (Nno[Mnj/Tnjl1<j<m.,)
=aN;...N, =M.

For each 4,5 with 1 <7 <mnand 1 <j <m;, Let
dij = #(mei,j) — #(Nio, xi,j)a (4.7)
that is, d; ; denotes the number of paths from negative occurrences of atomic

types in the type of the variable z; ; ending in the type of the head occurrence
of ain M. Hence >, dij < |y holds. Let
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We have

k< Y dig < il (4.9)

1<j<m; 1<j<m;

Let M; ; be obtained from M; ; by replacing first k;; occurrences of nonlexical
Constants Cijjils - -+ Cijikij Wlth fresh variables y; 1, ..., Yijr;, 1.6

M; —M [Czjl/yZ]la---aci,j,kij/yi,j,kij]-

Let
N; = Nio[M; /2 jli<j<m,

i.e., by (4.6),
N: = NG/, (4.10)

— 1<_]<TI’L — 1<]<m . — - .
where ¥ = (Yijn)1<hzr,, and & = (Cijn)1<hzr,,- Since (AZ.Mo)M is a good

(-expansion of M, #‘@”o ( M, ;) — #(My, z; ;) < 0 holds. Hence

o (M) = - (M) — ki
= max{ 0, #%0 (M;;) — dij } (by (4.8))
=max{ 0, #-(M;;) — (#(Mo, ;) — #(Nio, i )) }
(by (4.7))

< max{0, #(N;o,xi;)}
—#( ZO;xZ])

Therefore, (Azi1 ... Zim;-Nio)M;, ... Mj,,. is a good [-expansion of N;. By
the induction hypothesis, we have P/ € A(X]) such that

Z'(P)) = N.. (4.11)
Since |G| = >\, kij < |7l by (4.9), we have a constant A € € such that
Z'(A) = g ... wp.a(wiCy) . .. (w,Cy).

For P = A(Ay1.P]) ... (A\y,..P)) € A(Xf), we have

L'(P) = L (A)OGLNY) ... (\ju.N") (by (4.11))
=a(Ni[c1/71]) - - - (NL[Cn/T])
—aN,...N, (by (4.10))

=M.
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Case 4. For a good (3-expansion ()\f.MO)M of M, M, is of the form z; K
for some x; in . Without loss of generality, we can assume that it is z;. Let
MO :lel---Km
M = M,[M /7]
= l‘lKl e Km[Ml/l‘l, Ml/fl, ey Mm/fm]
= MK [My /3] .. Ko [My ) 7]
where 7; is the subsequence of Z consisting of the variables in K;, and MZ is
the corresponding subsequence of M. Since x; has a second-order type, each
K; has an atomic type.
Recall that we assume that M; contains at least one nonlexical constant.

Since
# (Mo, 21) > #fo- (M) > 1,

there is Ky, for k € {1,...,m} of the form

Kk: = aNLO .. -Nn,O

for some a € €, of type v — -+ — v, — p and N; o € A(37) of type ~; for
i€{l,...,n}. Let M| be obtained from M; by replacing an occurrence of a
constant ¢y € ¢, with yo, and M| obtained from M, by replacing K} with
a fresh variable z, i.e.,

My = Mi[co/yo]
M(/] = l‘lKl Ce Kk—lszk—f—l Ce Km

and define M’ as
M, — M(S[M{/xla Ml/fla ey Mk—l/fk—la Mk-ﬁ-l/fk-f—l) DY Mm/fm]
Then,

M = Mo[Ml/SCl, Ml/fh ey Mm/'fm]
= Mé[Kk/Zk][M{ [CO/?JO]/%a Ml/fla ey Mm/fm]
= M'l[co/yo, Ki[My/Zr]/2]. (4.12)
For ¢ # k, we have #(Mj, x;;) = # (Mo, z; ;) > #ch*(Mi,j) for every w;; in

Z; and the corresponding term M, ; in Mi, and

Yoo (M) = o (M) — 1 < #(Mo, 1) — 1 = #(Mj, 21).
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Therefore

—

— — — — /4 ! v v —
()\1‘11‘1 o Lp—1Lht1 - - - :L‘m-MQ)MlMl e Mk—le—l—l e Mm

is a good [-expansion of M’. By the induction hypothesis we have P’ € A(X))
such that

Z'(P) =M.

On the other hand, by #(Moy, z; ;) = #(K;, z; ;) for each x; ; in ; for all
ie{l,...,m}, (\Z;.K;)M; is a good fB-expansion of K;[M;/Z;]. Therefore,
we can apply the same discussion® in Case 3 to

Kk[Mk/fk] = aNLO . Nn,O[Mk/fk;]a

and then we find P/ € A(X{) and a sequence C; of nonlexical constants such
that |¢;| < || and
L(P)E /5] = NiolMy /7).

By the definition of 3, we have a constant B which is mapped to
Z'(B) = Mg . .. wy.woco(a(wi€y) . . . (w,Cy)).
Thus, for P = B(Ayoze. P')(A1-Py) ... (Ayn.Pl) € A(X)), we have

Z'(P) = (\yoz 2" (P')) co(a(L(P)[E1 /1)) - - (L7(F))[En/¥a)))
= M/[Co/yo, aNLO . Nn70[Mk/fk]/zk]

= M'[co/yo, Ki[My/ %) /2]
o (by (4.12))

O

Theorem 4.31. For every semilezicalized ACG ¢ € G(m,n), there is a
lezicalized ACG 9" € G(max{4, m},n) such that

O@')={ReO(9)| R contains a constant }.

Proof. By Lemmas 4.28 and 4.30. O

5Substitute Kk[Mk/fk] for M in Case 3. K} in Case 4 and M, in Case 3 have the
same form.
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4.3.5 Third-Order Case

In the previous subsection, for the fourth or higher-order case, we have
constructed a lexicalized ACG ¢! = (¥),3,,.Z o &, s), where the ACG
G = (Xf,X,-Z",s) “controls” nonlexical (w.r.t. .£) constants ¢ € 6, by
bound variables in its lexical entries, and then we can put nonlexical con-
stants in almost arbitrary places. Since variables that can be functors of
second-order nonlexical constants are at least third-order, then the order of
abstract vocabulary becomes more than three.

Recall Example 4.26. For the third-order semilexicalized ACG ¥ €
G(3,n), let

M = a;(Ax}.aa(Az5.az(Ax5.as(Ax).c1(camrxa) (ca324))))) € A(Y)  (4.13)

where a; € %, has type (s — s) — s and ¢; € %, has type s> — s.
Here we number each occurrence of a constant to facilitate discussion. In
Example 4.26, we first replace occurrences of ¢; with new bound variables y;,
and then replace occurrences of a; N; with A;(Ay;.N;), where A; € % is a new
abstract constant mapped to Aw.a;(wc;). The resultant term is

Aty 7w A (Mg s Ag(Ags w520 (A s (o1 22) (y3324) ) ).
(4.14)
This way we associate occurrences of nonlexical constants with occurrences
of lexical constants. To keep the order of the abstract vocabulary in three,
however, that strategy must be abandoned. We are no longer able to use
second-order variables in the abstract vocabulary.

Recall the idea that we have used for lexicalization of second-order ACGs,
where the third-order lexicalized ACG ¢’ in Proposition 4.18 is transformed
into the second-order lexicalized ACG ¢! in Definition 4.20. We have intro-
duced new abstract atomic types in 2, mapped to second-order types on
T () by the new lexicon .#’. That trick works well because the usage of
free variables and A-abstraction in an element of A(%’) is very much limited
so that we can embed terms involving A-abstraction into finitely many lexical
entries of ¢4” shown in (4.5) on page 64.

We want to apply that technique to the third-order case. As we see in
(4.14), the lexicalization method for the fourth or higher-order case con-
structs the form of the nonlexical part ci(coxixs)(csz3zy) by variables y; of
second-order type, and then substitutes nonlexical constants for those vari-
ables. To exclude variables of second-order types from terms in the abstract
language in the third-order case, we must embed those variables into the
lexical entries so that new lexical entries can build any nonlexical parts in a
term in the abstract language.
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Let us associate occurrences of nonlexical constants with ones of lexical
constants in M as follows:

According to this association, we let an ACG ¥’ = (X, 3,2, [s]) € G(3,2)
consist of the following lexical entries.®

x € G} 75(x) Z'(x)
ay [s — s] — [s] ay
A [s = 5] = ([s = s] — [s]) = [s] | \yw.az(Axg.w(Axy.y(c3z3zy)))
Ay |[s—s]—=([s—s]—[s]) = [s]| Ayw.as(Axe.w(Av.ci(yxs)v))
A, ([s = s] — [s]) — [s] Aw.ag(Azy.w(Av.cox1v))

where [s — s] and [s] are new abstract atomic types mapped to s — s and
s, respectively. It is a routine to check that .£’(N) = M for

N = A Agy (s Agynas)).

Elimination of Unary Nonlexical Constants

We start lexicalization of third-order semilexicalized ACGs with a modifica-
tion of Lemma 4.24. While Lemmas 4.16 and 4.23 (elimination of nullary
nonlexical constants) are good enough for third-order ACGs, Lemma 4.24 is
not.

Lemma 4.32 (Elimination of Unary Nonlexical Constants). For every
semilexicalized ACG ¢4 € G(3,n), we can find a semilexicalized ACG 94" €

G(3,n) such that 4’ contains no nullary or unary nonlezical constants and
O@')={ReO9)| R contains a constant }.

Proof. We assume that ¢ contains no nullary nonlexical constants and sat-
isfies Condition II in Definition 4.12. O(¥) contains no combinators.
We let an ACG ¢’ consist of the following lexical entries:

60ur actual method generates a lexicalized ACG whose lexical entries are a little more
complicated.
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e (c, 1o(c), Z(c)) for all c € €, unless 1y(c) is unary,
o ([M], 1o(M), £ (M)) for each M of the form
M = )\l’l e xn.co(a(/\il.lei,l . Ml,ml) e (Agnngn,l e Mmmn))

— i DPim;
where 7, = 215" ... 2" a € 6y,

7-0<a>:(p1,1_>"'_>p1,m1 le)ﬁﬁ(pn,lﬁHpn,mn_)pn)ﬁp;

M;; = Cij i 1 ‘7 for some I; C {1,...,m;},
Zij ifj &l
Co, Cij € (goi, TO(CO) =p—4q, T()(Ci,j) = Pij — 95>

T0(%:) = ¢iqn — -+ — Qim, — Di Where p;; = ¢, ; if j &€ 1.

Since the order of the type of the bound variables z; in the above M is at most
2, we have ord(7{([M])) < max{ 3, ord(m(a)) | a € €; }. Thus, ¥’ € G(3,n)
if ¢ € G(3,n).

The inclusion O(¥¢’) C O(¥) is trivial. We show the converse relation
O¥) C o).

We say that an occurrence of a unary nonlexical constant of type p — ¢ is
linked to an occurrence of a lexical constant if the path which starts from the
negative occurrence of the subtype p in the type p — ¢ of the occurrence of
the unary nonlexical constant ends in p in the type of the occurrence of the
lexical constant. We say that a term M € A(3) satisfies the linking condition
if for every occurrence of a unary nonlexical constant, there is an occurrence
of a lexical constant to which the occurrence of the unary nonlexical constant
is linked. In fact, we can assume that every M € A(¥) satisfies the linking
condition, as explained in the proof of Lemma 4.24. In the third-order case,
when a unary nonlexical constant c is linked to a lexical constant a in some
term in long normal form, their occurrences can be written either

e c(aM) (direct link) or
e aM(\jz.Nlcz/z]),

since the order of a is at most three. There cannot be two or more bound
variables on which a path passes such as

a(Ay.y(Az.cz2)).

If the above term is well-typed, the order of a must be more than three.
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Now, we show by induction on the size of M that for every term M &
A(Xy) satisfying the linking condition, there is P € A(Xj) such that 7(P) =
70(M) and Z'(P) = Z(M). We assume that M is in long normal form.

If M contains no constants, let P = M € A(X[). Otherwise, it is enough
to treat cases where M is of the form

M =bM; ... M,

where b is either a lexical constant or a unary nonlexical constant. Other
cases are trivial as in the proof of Lemma 4.23.

Case 1. Suppose that the head of M is a unary nonlexical constant
Co € 6, . By the linking condition, M is of the form

M = C0<3M1 ce Mn)
for some a € 6;" of type
T0(a) = (P11 = = Prmy = P1) = = (Pug =+ = Pnmn, — Pn) — D

- . - ; Di,m,;
We can assume that M; has the form M; = A7, M! with Z; = 25" ... 2 e
Let

I; = { j | some occurrence of a unary nonlexical constant c; ;

is linked to a via p;; }.
Then, we can find M and M, ; such that
M = M{'[M;; /yi jli<j<m,

M . ci,jzi,j lfj € [Z',
n Zi.j lfj S {1,,ml}—],

Clearly each M satisfies the linking condition. By the induction hypothesis,
there is P! such that 7{(P/) = 7o(M]) and Z'(P]) = Z(M/). By the

(2

definition of &', there is a constant [N] € % for
N = )\Il c. xn.co(a()\il.leLl c. M17m1) .. ()\an'anl c. Mmmn))
Thus, for

P= [[N]]()\yl,l Ce yLml'Pll) e ()\yml Ce ymmnPrIL)?
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we have

I
K

N ()\3/11 -Y1,mq - ,Z(M{’)).._()\yml,_,yn,mn.,,zﬂ(]\/[;[))

Z'(P) (N)

(co@AZ. MMy ... Min,) ... (A2 MMy ... Myn,)))
(coa(

(

co(a( A7 M) ... (AZ,.M))))

&z
&z
2(M).

Case 2. Suppose that the head of M is a lexical constant a € %, and
M is of the form M = aM;...M,. Since M is long normal form, M has
an atomic type p. Since ¢’ satisfies Condition II, there is e, € €, such that
T0(ep) = p — p and L(e,) = Av.x. By e,M =~ M, this case reduces to
Case 1, where the induction hypothesis is applied to terms strictly smaller
than M. O

Technical Definition and Lemma

As a preparation for elimination of nonlexical constants, we need some tech-
nical definition and lemma. These are necessary for building nonlexical parts
in a term in the original abstract language. The reader can assume that the
following second-order signature ¥ is the nonlexical part X, of the abstract
vocabulary of the given semilexicalized ACG.

Hereafter we denote the set of nullary free variables of M by Fv°(M). We
say that a second-order type is multi-ary if it is k-ary for £ > 2. Suppose
that a second-order signature ¥ = (<7, %, 7) is such that every constant has
a multi-ary type. Let ky = max{k | 7o(c) =p1 — -+ > pr = ¢, c € € }.
We define a subset I'(X) of A(X) to consist of A-terms M such that

e M has an atomic type,

e M is built from variables of second-order types whose arities are strictly
less than ks and constants of >,

e there is no subterm of the form y;(y2M’)) for any two unary variables
Y1 and yo.
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Formally I'(X) is defined by

Fy(X)={+"|pea},
Lh(E) =T, () u{y" "M | M T, (¥) and 7(M) =p},
T, (2) =T, () U{cN ... Ny | Niy..o, Ny € T (X)),
To(c) = 7(N1) = -+ = 7(Np) — ¢}
U{ g™ W==rWN=an NG Ny, Ny e T (R), 2 < k< ky b
r(L) = JIra(®).

n>0

We denote by I'(X) the set of A-terms obtained from elements of I'(X) by
binding all the nullary variables in them. I'{(X) is the finite subset of I'”(X)
whose elements contain at most one occurrence of a constant or multi-ary
variable. Each element of I"(X) is obtained from an element of I'(X) by
binding some nullary variables that have the same parent when we ignore
unary variables, but the term rooted by that parent contains at least one
nullary free variable. Note that if M € I"(X), then the arity of M is less
than ]{]2.

er'(xy) eI'{(%)
Formally each of the above sets are defined as follows:

I"(X) ={AZN | N € I'(Y), 7 is a sequence of all the nullary variables in N },

() ={AZMel"(X) | Mel\(2)},

'(S) = {Az1...2.M | M € T(X), M = M'[xMyN, M ... Ny M,/ =),
k>1,xe€UZ, My,...,M, €(2), Ny,..., Ny € To(D),
O(N;) = {z}, My... My #¢}.

Lemma 4.33. For a fired \-term M € T(X), let us partition the set Fv°(M)

of nullary free variables of M into two disjoint subsets Y and Z such that
Y #@. We can find M' € T'(X) and M, ..., M,, € T"(X) such that
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o M = M'[M;/xi|1<i<m,
o FVO(M/) =Y and Ulgz‘gm FVO(MZ) = Z.

Proof. Induction on M. If M € T'y(X), then M = yz or M = z. Since Y is
not empty, Y = {z} and Z = @. Letting M’ = M, we see that the lemma
holds.

Otherwise, M is of the form

where 2 < n < ky, x is a constant or a variable, N; € ['(X), and y is a unary
variable. Let Ny be such that

M:NoNan

(No =xor Ny = Azy...2,.y(x21 ... z,) depending on the form of M). Let us
partition {1,...,n} into two subsets I and .J so that

I={i|1<i<n, YN (V) #2}
J={i|1<i<n W(N,) CZ}

For each ¢ € I, by applying the induction hypothesis to V;, we get N/ € ['(X)
and N;1,..., Niy, € I'(X) such that

o N;= N{[Ni;/xijli<j<m,,
o YNION,) = FV'(N)) and Z N FVO(NV;) = Ur<jcm, FVO(N;;).

We see [ # @ by Y # @.
Case 1. |I| = 1. Let k be the unique integer such that I = {k}. Depend-
ing on the form of N; € I'(X), we have two subcases.
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Case 1.1. The head of N is zy ; for some j € {1,...,my}. Ny, € I'(X2)
can be represented as

= !
Nk,j = )\Zk,j'Nk

7j

for some N ; € T'(X). Let

M' =N
a; = 4 Vb it i # j,
7 )\Ek,j.NONl...Nk,lN,;’ijJrl...Nn lf’l:j

for 1 <i < my. Then, we have
o M'eI'(¥) and M; € I"'(X) for 1 < i <my,
o M = M/[Mi/xk,i]lgigmka
o V(M) =Y and U, VO(M;) = Z.
Case 1.2. The head of N}, is not zy; for any j € {1,...,my}. Let
N = {N,’; if N is of the form N; = y'N/ for some unary variable 3/’
N, if the head of N/ is not a unary variable

K y'z if N} is of the form N; =y’ N} for some unary variable 3’
z if the head of N} is not a unary variable.

Then, N, = K[N}/z] and the head of N}’ is not a unary variable. Let
M" = yo Ny,
My =X 2.NgNy ... Ny_1KNgiq... Ny,
where yg is a fresh unary variable of type 7(N,') — 7(M). We have
o M' € D() and M, € I'(S),
o M = M'[Mo/yo)[Nk,i/xkil1<i<m,
o BW'(M') =Y and Fv*(Mo) UU,scp, FVO (Vi) = Z.
Case 2. 1 < |I| < n. Let
M' = zoN}
My = Az NoN" ... N"

N(I: Zi ifiel
PN, ifigl
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where Nj = (N |ie ), Zr = (% |ieI), and 7(x) = 7(M,) = 7(N}) —
T(M).

Note that since 1 < |I| < n < ky, xo has neither a unary nor ky-ary type.
Therefore,

o M'eI'(¥) and M, € I''(X),
o M = M'[My/x0)[Ni /i /i< m,»

[ ] FVO(M/) =Y and F\/()(Mo) U U iel FVO(NZ'J) = 7.
1<5

<js<my
Case 3. |I| =n. Let M' = NyN;...N] € I'(¥). We have
o M = M[N;;/zi 11255,

e W' (M) =Y and |J 1<i<n FVO(N;;) = Z.

1<j<m;

Elimination of Nonlexical Constants
Definition 4.34. Let ¥ = (¥, 3,2, s) € G(3,n) be a third-order semilex-
icalized ACG that has no nullary or unary nonlexical constants. Let
dy = {[v] | 7 is a second-order type with |y| < ks }
where ky— = max{[7o(c)| —1]c €% }.
Let [@] — B denote [ay] — --+ — [y, — [ if @ represents the sequence

aj ..oy of types in 7 (%) and [o;] € <f]. Let € be the set of constants
Ag v for all K and M such that

o KM is well-typed,
o K eTY(S)),
o M = a(Aﬁl.wll\le{) c. ()\’ijmemM/n),

—a€e % of type (P1 — p1) = -+ = P — Pm) — D,

— M; consists of elements of T'(37),
— M! consists of elements of I"(3y),
— ©; is a sequence of the nullary free variables in M; and MZ’ ,

- 7'0(77@') = ﬁz‘a
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— 7o(w;) = To(Mi) - TO(M{) — Db
Let {y1,...,ui} = FV(KM) — {ws,...,wy,}. We define 7} and ¢’ as

o 7o(Axar) = [no(y)]l = - = )] = m — - = — [(KM)],
where ~; = [10(M;)] — [1o(M])] — [pi],

o Z'([7]) = for all [y] € o7,
o L'(Axn)=Ay1...ywy ... wy KM.
An ACG ¢! called the lezicalized form of 4 is defined as
G = (%%, L oL [s]) € G(3,n+1)
where X = (<7, 6, 7).

We need to check the well-definedness of the above definition. First
we check that 7((Ax ) € T (4). Since every element of I'(¥;) has an
atomic type, and every element of I'V(X;) has less than kza—ary type, we see
vi € T (7). By the definition of I'(X;) and I''(3; ), the arities of variables
Y1, ...,y are less than ky—. Therefore, [1o(y;)] € & and 7(Ag n) € T ().

Second we check that %] is finite. Since I'{(X;) is a finite set, finitely
many possible forms of K exist. In M, the length of v; for 1 < i < n is
determined by the type of a. Since each element of M;, Z\7[Z’ has at least one
element of v; and each variable in v; appears exactly once in some element of
M;, M, thus we see | M;M!| < |7]. For each M, ; in M;, Fv?(M, ;) consists of
some variables in ¢; only. If M, ; contains no unary variables, then the size of
M; ; is bounded by |[FV°(M; ;)| < |vi], otherwise, the size of M; ; is bounded by
2|Fv?(M; ;)| by the restriction on occurrences of unary variables in elements of
['(¥y). Similarly, the size of M ; in M! is bounded by 2(|FvO (M} ;)| +heo) <
2(|Ui] + kg-). Since the type of w; is determined uniquely by the types of a

and elements of Mi, M{ , finitely many possible forms of M exist.
By the construction, Y is third-order, and ord(¥ o ¢’) < ord(.Z) +
ord(.Z") —1=ord(Z) +1. Thus 9" € G(3,n+1)if 4 € G(3,n).

Definition 4.35. Let M be an abstract A-term of an atomic type of semilex-
icalized third-order ACG ¥ = (3,%1,.Z,s). We say that a [-expansion
(A1 ... 2. My)My ... M, of a f-normal term M € A(Xg) is good if

[ J MO c A(Ear),

e cvery variable in My other than x; has an atomic type,
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o M, eI"(¥Xy) fori>1,

e [linking condition] every path from a negative occurrence of an atomic
type in the type of x; ends in the type of an occurrence of a lexical
constant in M,.

If M € A(¥), then every variable in M has an atomic type, since ¥ is
third-order. It is clear that M has a good [-expansion.

Lemma 4.36. O(4) = O(4").

Proof. The inclusion O(%') C O(¥) is easily seen. If P € A(¥4'), then
Z'(P) € A(¥9) and thus Z o Z'(P) € O(¥). We show the converse
O(9) C O(%"). Recall that every M € A(¥) has a good 3-expansion.
By induction on M, we show that if a G-normal term M € A(Xy) of an
atomic type has a good [-expansion, then we have P € A(X}) such that
70(P) = [10(M)], £’ (P) = M, and moreover, for each free variable y in M,
P has the corresponding variable of type [1(y)] € <.

Let (/\f.MO)M be a good (-expansion of M. M, has an atomic type. We
have four cases depending on the head of M.

Case 1. The head of M, is a variable z not in Z. By the definition, every
variable appearing in M, other than elements of & has an atomic type. That
is, My = 2P for some p € @ and thus both ¥ and M are empty. Let P = 2P,

Case 2. If the head of My is a lexical constant a € 6,5 of type v; —

- — Y, — p, then

M = My[Mi;j/z:3112520,
=a(A7.Nig) ... ()\Un.Nn,o)[Mz,j/ﬂfi,j]géﬁu
= (A0 Ny o[ My /1 h<j<my) - - (AUn-Noo[Ma 3 /T 1< j<m,)
=alN;...N, (4.15>

where 79(N; ) € o and (A\Z.Mo)M = (/\(x”)}gg;nlM@(M,ﬁg;?}m Sup-
pose that x; ; appears in N as

—

;5L j

where TO<£L’Z'7]'E@'7]') € ." Some elements of EZJ are elements of 7; and some
are not. Without loss of generality, we can assume that®

— . 5 —»/
;5L = ;Ui ;L ;

If N is in long normal form, a subterm of that form is found. We can assume it
without loss of generality.

8A permutation of the arguments of z; ; can be performed with the same permutation
on the order of the abstraction in M; ;.
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where every element of ¥; ; is in ¢; but no element of E;] is. Let ¢; ; = 10(0; ;)
and ¢} ; = TO(L ;). Thus, for
T0(%ij) = Gij — @iy — €5 = 10(Vi ) — 0(Li;) = 6,

every path starts from ¢ ; ends in the type of the head occurrence of a in
My, and no path starts from ¢; ; does. Corresponding to this partition, let

—\7 .7 M-
MZ,_] — )\ZZJZZJ.MZJ

where 79(Z ;) = G4, 70(Z;) = @ j» To(M;;) = qij-
Let us partition {1,...,m;} into two subsets

Ji={Jj11<j<m, g, =c¢}.

For each j € [;, by applying Lemma 4.33 to M, ; by regarding z; ; as Z and
~as Y, we can find k;; € N, M” and M, ;p, for 1 < h < k;j such that

o M eT'(Xy),
e 7/, consists of exactly the members of Fv’(M]",),

[} Mi,j,h € F/(EO_) for 1 S h S k

K

® Zij = Zij1---Zijk,; Where Z;, consists of exactly the members of
FVO (M50,
o M, = M"[M;;n/yijnli<n<n;-
We let
SO
M, ; = )\z” M
= Az 7] M [Mi g/ Yijpli<nsns;
= AZij-M; [Mijn/Yi gl i<ns<n, (4.16)
for j € I,.

Let N}, be obtained from N by replacing z; ;v ; with 7 ;, i.e.,

Nio = N} o[z Ui /2 jl1<ij<m, (4.17)
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where 7o(z} ;) = ¢} ; — qi ;- If j € J;, then 7o(2} ;) = ¢;; € . Let
Nz‘l = Ni/,O[Mi/,j/x;,j]jeli' (4.18)

We show that ()\< ;]>J€1 N o) (M ;) jer, is a good [-expansion of Nj. By
My € A(XF), Nip € A(XF), thus NZ'0 e A(X ) and 79(Nj g) = 10(Nio) € Z.
All variables appearing in N;q other than z; ; appears in My, N;o, so they
have atomic types, and z; ; with j € J; also have atomic types. M;; € T"(%;)
by its construction. Recall that for 7o(v; ;) = ¢i; — @ ; — i, all occurrences
of atomic types in ¢; ; are linked to the head occurrence of a in My, and all
occurrences of atomic types in g} ; are linked to some other lexical constants in
My, i.e., those lexical constants are in N; o and thus in N/ o This implies that,
for 7o (z ”) = q; ; — @i, all occurrences of atomic types in ¢; ; are linked to

those lexical constants in N} . Therefore, (A} ;)jer,-Nj o) (M ;) jer, satisfies

the linking condition and thus is a good (-expansion of N/. By applying the
induction hypothesis to N/, we get P! € A(X{) such that 7(P/) = [7o(N])],

Z'(P)) = Nj, (4.19)
and each free variable y of N/ has the type [1(y)] € & in P/. Let
e ¥/ be the subsequence of U; consisting of variables not in v; ; for any 7,
e 7] be the sequence of variables z; ; for j € J;,
e i; be the sequence of variables y; j, for j € I;, 1 < h < k;;.
Indeed the variables constituting above sequences occur free in N/. Let

P, = \o!Zlij;. P, (4.20)

zzl

where
70(F) = [10(0})] — [70(Z)] = [70(5:)] — [70(IV)].
On the other hand, the following equation holds:

Ni = M. Nio[Mi /i jl1<j<m, (by (4.15))
= M N o[ 505/ 2 li<j<ms [Mi j /T jl1<j<m, (by (4.17))
= AN o[,/ < <ma (N2 g My [Mi jn [ Yi g pl1<n<ns; /T gjer

[ i,j/xi,j]jeJ,- (by (4.16))
= AN} o[ M 5 [M; j n[Ui 1/ Zijn) [ Yignhr<nsn, /75 ier, [IM 55 5 /25 e,

1<h<ki;

= NG [M (Vi) Zi g [Yiginjer, " (Mg /2 slie, (by (4.18))
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where ¥ j j, is the subsequence of 7; ; corresponding to the subsequence Z; ;
of 7 ;. Letting

= (| M ;i |8)jes,
— - - 1<h<k;,;
M = (M; jn[Tijn) Zign))ser,

Jjel; ’
we have . .
N; = M0G.N{[M; ) 2] [M] /7). (4.21)
Note that |M, ;u; |z € T'(Zy) for j € J;, and M, ;1[0 jn/Zi 58] € T'(Ey) for

L = Njwy ... wyp.a(AG wn T My M) . . (AG,w, @ M, M)

where i/ consists of free variables of M; and M/ other than elements of ;.
Since K = Az.z € I'/(X), by the definition, we have a constant Ax ; € %
such that

70(Akr) = [10(§)] = 70(P1) = -+ = 75(Pa) = [p]
Z,(AKJI) =L

Thus, for P = Ag 1yP; ... P, € A(X[), we have

L'(P)=ZL"(AkLyPr ... P,)
= LAk L) MTZ G NY) - (M0 N,) - (by (4.19),(4.20))

= a(\.N{[M, /Z])[M] /1)) - . . (AT, NL[M,, /%) [ M}, /7,))
—aN,...N, (by (4.21))
=M.

Case 3. Suppose that My = z1 M/, for a unary variable z; in Z. Then the
head of M| is a lexical constant a by the linking condition. Let M; be the
corresponding term in M to 1. Since x; and M; are unary, either M; = A\z.z
or My = A\z.ypz for some unary variable yy. Let M’ be M minus M, and 7’
be & minus x;.

If My = Az.z, then this implies that M has a good (3-expansion (Af’.Mé)]V[’.
This case reduces to Case 2.

Suppose that M; = Az.ypz. M can be represented as

M = a1 M)[M,y [xy, M'/Z') = yoM{[M' /%] = yo(aNy ... N,).  (4.22)

Applying exactly the same discussion as Case 2 to M) [M '/2'], for each i €
{1,...,n}, we get a A-term N/ and sequences of A-terms M; and M/ such that
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N! has a good (-expansion, each element of M, is in ['(3; ), each element of
M is in (%), and

Ni = X, N[V, 20V ) (4.23)

and moreover, we have P; € A(X]) such that
L'(P) = \v/Zly;.N! (4.24)
where U consists of variables in ¢; which appear in neither M; nor M@/ , and

every free variable y in N/ has type [15(y)] € &7 in P;. Since My = A\z.ypz €
I(Xy), by the definition, we have a constant B such that

70(B) = [10(9)] = [70(yo)] = 70(P1) = -+ = 7(Fn) — ¢
L' (B) = \Njyow . . . wn.yo(a( AT T M ML) . .. (AT, w, T M, M) (4.25)

where 3/ consists of free variables of MZ or M{ other than elements of v;. Thus,
for

we have
Z'(P) = ZL'(B)gyo(AV[Z171.N1) . .. (AT, T, 5 N,) (by (4.24))
= yo(a( Aoy N{ (M /Z]) (M /1)) - .. (Nw.NJ [ M, /2] (M, /37.]))
(by (4.25))
=yo(aNy ... N,) (by (4.23))
= (by (4.22))

Case 4. Suppose that the head of M, is a variable z; in @ and z7 is
a k-ary variable for some k > 2. Let the corresponding term M; in M be
M, = Az1 2. M7 with |2,2] = k and 70(M]') € o%. By applying Lemma 4.33
to M! with respect to Y = FvO(M!) — {2} # @ and Z = {2}, we can find
M!" € T(2y) and K € I'(Xy) such that M) = M]"[K /y]. By |[FV*(K)| =1,
Az K e T (2y). Let M{ =X Z.M" € F”(E ). We have

My = Azy MK /o). (4.26)

Let My = x1Lq...Lg (recall that My has an atomic type) and Z divide
into three subsequences z1, Z’, @’ so that 7’ consists of variables in L, 2"

—

consists of variables in L; for some j > 2. Corresponding to this division, M



94 CHAPTER 4. LEXICALIZED ABSTRACT CATEGORIAL GRAMMARS

is divided into three subsequences My, M’, and M”. M can be represented
as

M = My[M /7]
= ZL‘1L1L2 e Lk[Ml/l‘l, M,/f/, M”/j'w]
= MyLyLy ... Ly[M')2'|[M" )i
= M{[K[L,[M')Z]) %] /yo) Lo - . . Li|M" |Z"] (4.27)
by (4.26). Let

M' = M!Ly...Li[M" /2", (4.28)
M =2a\Ly... L (thus My = M{[z1L,/z}])
where 7o(2}) = 70(M7). By (4.27) and (4.28),
M = M'[K[L:[M'/Z'] /1] /yo]. (4.29)

By K € I'"(¥,), it contains at least one occurrence of a lexical constant
or a variable of l-ary with [ > 2. Therefore, the size of M’ is strictly
smaller than M. It is not difficult to see that M’ has a good [-expansion
(A 2" M)M|M", since (AZ.My)M is a good B-expansion of M. By the
induction hypothesis, we have P’ € A(X{) such that 7)(P’) = [10(M")],

Z'(P) =M, (4.30)
and 7)(y) = [10(y)] € o for every free variable y in M’. In particular,
70(y0) = [70(y0)].

By the linking condition on z;, the head of L, is a lexical constant for

each j € {1,... k}. Particularly for j = 1, there are Ny, ..., N, o such that
L can be written as

Ly = a(At1.Nyig) ... (AU,.Nyyp).
Letting Ny, ..., N, be such that
Li[M'/%') =aN;...N,, (4.31)
we have

M = M'[K[L,[M' /&) /] /yo)
= M'[K[aN, ... N,/2]/v0) (4.32)
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by (4.29) and (4.31). It is not difficult to see that (AZ’.Ly)M’ is a good (-
expansion of L;[M’/Z'] = aNj ... N,, since (AZ.Mo)M is a good (-expansion
of M. Applying exactly the same discussion as Case 2 to L[ M’ / '], for each
i € {1,...,n}, we have a A\-term N/ and sequences M; and M! of A-terms

such that NZ' has a good f-expansion, each element of M; is in T'(3g), each
element of M/ is in I''(3; ), and

N; = At N{[M; /3| /5], (4.33)
and moreover, we have P; € A(X]) such that
Z'(P) = \v/Zy;.N| (4.34)

where U consists of variables in ¢; which appear in neither M; nor M@/ , and
every free variable y in N/ has type [m(y)] in P;. By the definition, we have
a constant C such that

70(C) = [n()] = 76(P) = -+ = 75(Pn) = [1o(K)]
LN(C) = Ajwy . .. wy. K [a(AT i T My M) .. (AGw, T M, M) /2] (4.35)

where ¥ consists of free variables of K, Mi, or Z\7[Z’ other than z;, v;. Thus,
for

P = P'[CiP,...P./y),

we have

L'(P) = ML (C)F\G{Z]51.N7) . .. (N,Z,5.-N3) /yo] - (by (4.30), (4.34))
= M'[K[a(A0y.N][M, /Z{)[M] /1))

(NG N M (23] [M /§0)) /21 0] (by (4.35))

= M'[K[aNy ... Ny/z1]/yo] (by (4.33))
— M. (by (4.32))
0

Theorem 4.37. For every semilexicalized ACG 4 € G(3,n), there is a
lezicalized ACG 9’ € G(3,n + 1) such that

O@')={ReO9)| R contains a constant }.
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4.3.6 Schabes et al.’s Lexicalization and Ours

Although our notion of lexicalization differs from the one by Schabes et
al. [47,48], what we have done is not very far from their definition. They
define the notion of lexicalization in a strong sense, where it preserves not only
the string language but also the tree language yielding the string language.
This definition requires grammars that should be lexicalized to be finitely
ambiguous, i.e., the tree language contains at most finitely many trees that
yield the same string. Their motivation behind the definition would be to
preserve the syntactic structures as well as the surface structures. If we regard
both tree languages and abstract languages as syntactic structures that yield
string languages and object languages as surface structures, respectively, one
might think the definition of “lexicalization of ACGs” should be strengthened
in analogy with Schabes et al.’s definition so that the abstract languages
of the given ACG and the resultant lexicalized ACG coincide. However,
this definition seems too rigorous and there would be very few interesting
subclasses of ACGs admit strong lexicalization in this sense.

We alternatively propose to define the notion of “strong lexicalization
of ACGs” analogous to Schabes et al.’s definition so that an ACG ¥ =
(30, 21,2, s) is converted into a lexicalized ACG ¢' = (3,31, Z o L', ")
where A(¥) = Z'(A(¥")) holds. According to this definition, one can “re-
cover” the original abstract language from the resultant ACG. Actually, this
is what we have done in the latter half of our lexicalization method on the pre-
processed ACGs which have neither nullary nor unary nonlexical constants.
Moreover, when we assume that input semilexicalized ACGs are finitely am-
biguous in the sense that every element of the object language has finitely
many abstract terms mapped to it, it is possible to modify the preprocessing
that eliminates nullary and unary nonlexical constants so that the resultant
grammar can also recover the original abstract language. Conversely, one
may think of the preprocessing as elimination of infinite ambiguity from the
given semilexicalized ACG. This way our whole algorithm becomes a strong
lexicalization method. Therefore, our lexicalization method has a close con-
ceptual similarity to Schabes et al.’s notion of lexicalization.

In the sequel, we concretely see the relation between Schabes et al.’s lex-
icalization and ours through lexicalization of finitely ambiguous CFGs. Here
our lexicalization method means modified lexicalization method, which recov-
ers the original abstract languages. As Schabes et al.’s lexicalization method
converts a finitely ambiguous CFG into a “strongly equivalent” lexicalized
TAG in the sense that the tree language of the TAG is the set of deriva-
tion trees of the CFG, our lexicalization method for semilexicalized ACGs
converts the ACG ¥; € Gguing(2,2) encoding a finitely ambiguous CFG
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lexicalization in the sense of Schabes

T

CFG'G TAG G’
Y6 € Gatring(2,2) Yo € GI™_(2,2(mon))

tree

canonical method for converting

tree ACGs into string ACGs
our modified

lexicalization

gL e Gl (2,3)

string

Figure 4.1: Our lexicalization of a CFG

G into the ACG ¥} € GiY;,,(2,3) encoding a lexicalized TAG G” strongly
equivalent to G “as a string generator”. That a string ACG ¥} encodes
a TAG G’ as a string generator means that ¢/, is obtained from the ACG
Yo € G (2,2(mon)) encoding G by the canonical method for transform-
ing a tree ACG into a string ACG generating the yield string language of the
original tree ACG (see Proposition 5.5 for the canonical method). Since such
Yer and G’ are effectively computable from %}, our method gives alternative
construction for Schabes’s theorem that every finitely ambiguous CFG has a
strongly equivalent lexicalized TAG. This is illustrated in Figure 4.1.

More direct comparison would be possible when modifying the definition
of “lexicalized ACGs”. For the accordance with Schabes et al.’s notion of
lexicalized grammar, here we introduce the notion of “strongly lexicalized tree
ACGs”. We say that an abstract constant of a tree ACG is strongly lexical iff
it is mapped to a term containing an object constant of an atomic type. Then
the set %, of abstract constants is partitioned into 2, and &y where % is the
set of strongly lexical abstract constants. Note that ¢, C & and %, C %,'.
We then call the tree ACG strongly lexicalized iff & is the empty set. It
is not difficult to modify the first half of our lexicalization method, which
eliminates nullary and unary constants in %, so that it eliminates nullary
and unary constants in &p, if the input ACG encodes a finitely ambiguous
CFG in the sense of Schabes et al. Besides, recall that the second half of our
lexicalization method depends only on the fact that every constant in %
has a k-ary second-order type for some k > 2. Thus, replacing 6, with 2,
and %, with & in our procedure, we get a strong lexicalization method that
completely satisfies Schabes et al.’s notion of lexicalization of CFGs.
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4.4 Summary

This chapter has discussed lexicalized ACGs, in particular, lexicalization of
semilexicalized ACGs. As seen in Section 4.2, to be lexicalized can be thought
of as a desirable restriction on ACGs not only from the lexicalists’ point of
view, but also from the point of view of the computational complexity.

In section 4.3, we have presented a lexicalization method for semilex-
icalized ACGs, where every nonlexical abstract constant has a type of at
most second-order. Our basic strategy for lexicalizing semilexicalized ACGs
is as follows. As a preparation, we first eliminate nullary or unary nonlex-
ical constants from the given grammar. Then for the resultant grammar
G = (X0,%1,.Z,s), we construct a new ACG ¢’ = (¥, %, 2", s’) so that
O(9') = A(¥) and Z'(A) contains a lexical abstract constant in 6, with
some finite number of nonlexical constants in ¢, for every A € %;. We
have presented three kinds of lexicalization methods depending on the or-
der of given ACGs. While the lexicalization method for ACGs with fourth
or higher-order abstract vocabularies preserves the orders of the lexicons,
our lexicalization methods for ACGs with second and third-order abstract
vocabularies both increase the orders of the lexicons by one.

Our result gives another proof for the theorem that every semilexicalized
ACG generates a language in NP, which has been proven by Salvati [43].

Moreover, our lexicalization method for second-order ACGs, though it
does not preserves the orders of the lexicons, entails that every LCFRS has
an equivalent lexicalized LCFRS modulo the empty string, where an LCFRS
is said to be lexicalized iff the description of each function assigned to each
production includes at least one terminal symbol. It is not difficult to modify
Salvati’s conversion [45] from a string second-order ACG ¥4 € Gygring(2, 1)
into an equivalent LCFRS so that it preserves lexicalization. Therefore, the
ACG ¥ € Ggring(2,4) encoding an LCFRS, which has an equivalent lexical-
ized ACG ¥' € GiY,,(2,5) modulo the empty string by our lexicalization,
has an equivalent lexicalized LCFRS modulo the empty string.

For the sake of generality, we have defined the notion of lexicalized ACGs
so that it does not comprehend Schabes et al.’s definition of lexicalized
TAGs [47,48]. Nevertheless, as discussed in Section 4.3.6, our lexicaliza-
tion method can be modified so that it entails Schabes et al.’s theorem that
every finitely ambiguous CFG has a strongly equivalent lexicalized TAG.

Therefore, our lexicalization method partially generalizes the research by
Schabes et al. The result of this chapter, as well as the previous chapter,
strengthens de Groote and Pogodalla’s view that ACGs can be the kernel of
a grammatical framework; not only well known grammar formalisms them-
selves, but also transformations of existing grammar formalisms are encoded
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in ACGs.

Future Work

It is future work whether or not we can lexicalize second and/or third-order
ACGs with preserving the orders of the lexicons. It is known that several
subclasses of second-order string ACGs are closed under lexicalization, where
the order of the lexicons is preserved.

Recall that Ggring (2, 2) is equivalent to the class of context-free grammars.
According to the straightforward encoding by de Groote and Pogodalla [15,
19], if a CFG is “lexicalized” in the sense that every production contains
a terminal symbol in its right-hand side, then the corresponding second-
order ACG is lexicalized, and vice versa. The fact that every CFG that
does not generate the empty string has an equivalent lexicalized CFG, e.g.,
Greibach normal form, implies that every & € Gging(2, 2) has an equivalent
9’ € G, (2,2) modulo the empty string.

As mentioned above, every string second-order ACG ¢ € Ggying(2, 1)
has an equivalent lexicalized LCFRS modulo the empty string, which has an
equivalent lexicalized ACG ¢’ € G5, (2,4).

Moreover, by Schabes et al.’s work on lexicalization of TAGs [47,48], it is
not hard to see that the subclass of second-order string ACGs whose lexicons
map an atomic type to either str or str — str is closed under lexicalization.

The reason why we cannot preserve the order of the lexicon is that our
lexicalization method is designed to be able to “recover” the original ab-
stract language, in the sense that there is a lexicon from the new abstract
vocabulary to the original abstract vocabulary such that the original abstract
language is exactly the image of the new abstract language, except for the
steps eliminating nullary and unary nonlexical constants. In order to lexical-
ize second-order ACGs with preserving the orders of the lexicons, it seems
inevitable to give up recovering the original abstract languages.

If each subclass G(2,n) is closed under lexicalization, it might entail that
some grammar formalisms, e.g., linear CF'TGs, admit lexicalization, with or
without help of a similar discussion in Section 4.3.6.

On the other hand, it seems difficult to lexicalize general third-order
ACGs, because there is a third-order ACG that simulates vector addition
systems (Proposition 2.18. See also Proposition 5.7), while every lexicalized
ACG generates an NPTIME language (Proposition 4.3).°

9The author could not find a reference on the complexity of a fized Petri-net reachability
set.






Chapter 5

Two-Dimensional Abstract
Categorial Grammars

5.1 Introduction

If two ACGs ¥ and ¥ share the same abstract vocabulary and the distin-
guished type, i.e., A(%) = A(%), each element P; of O(%)) is associated
with terms P in O(%,) through the elements M of A(%4)) = A(%) which
are mapped to P; and P,. This way, ACGs can represent relations of two
languages. It is convenient to give a formalization to this paradigm.

Definition 5.1. A two-dimensional ACG (2D-ACG) is a sextuple ¥ =
<20, 21, Eg,gl,gg, S> such that

e Y, is a higher-order signature, called the abstract vocabulary,

e ¥, for i € {1,2} is a higher-order signature, called the i-th object vo-
cabulary,

e % is a lexicon from ¥, to ¥; (i-th lexicon),
e s € o is the distinguished type.

The i-th projection of ¢ is defined as ¥; = (Xg,%;,.%,s). The abstract
language, object language and i-th projection of the object language are re-
spectively defined as

A(9G) ={|M|p, € A(X0) | M is a closed linear A-term of type s}
O(G) = { (| Z1(M)]py, | -L2(M)]gy) | M € A(Y) }
O:(¥)={P, | P € O(%,) for 4 the i-th projection of ¢ }

101
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Moreover, the classification of (one-dimensional) ACGs can be used for 2D-
ACGs. For instance, Giyee string (2, 1(r), 4) represents the class of ACGs whose
first projection belongs to Giree(2,1(r)) and second projection belongs to
Gistring (2, 4).

This way we can define k-dimensional ACGs (kD-ACGs) for any k.

Though symmetric treatment of syntax and semantics of natural language
is an important appeal of ACGs, there is little mathematical research on 2D-
ACGs. In this chapter, we discuss the expressive power on relations of 2D-
ACG. Although it is rather important what kind of relations between strings
and meaning representations can be expressed by 2D-ACGs, we have no well-
known measure to characterize the class of relations between strings and
meanings. Therefore, we evaluate the expressive power of 2D-ACGs through
encoding by 2D-ACGs of some well-known tree transducer formalisms that
define relations between trees and trees, or trees and strings.

Section 5.2 presents some examples of 2D-ACGs, which imply some clo-
sure properties of string ACGs. A fundamental question is whether several
mathematical properties of 1D-ACGs still hold for 2D-ACGs. We show that
every second-order 2D-ACG generates a PTIME language as every second-
order 1D-ACG does (Theorem 2.11) in Section 5.3. Moreover, we show
that every second-order string 2D-ACG in Gggring(2, 11, n2) has an equivalent
2D-ACG Ggping(2,4,4), like second-order string 1D-ACGs (Theorem 2.6).
This is shown in Section 5.5, after we prove that every deterministic tree
walking transducer can be encoded by a second-order 2D-ACG. Section 5.4
shows that the class of linear macro tree transducers exactly corresponds to

Gtree,string<27 1(81‘), 2)

Related Work
For a binary relation R, the domain R, of R is defined as
Ri={P|(P,Q) € R for some Q }
and the range Ry of R is defined as
Ro={Q | (P,Q) € R for some P }.

Finite state transducers are simple extensions of finite state-automata
which write some possibly empty string for each transition. The output
string by a transducer for an input string is defined as the concatenation
of the strings written during the transition steps. A finite state transducer
translates a regular language into a regular language. For a formal definition
and basic properties of finite state transducers, see a standard text book
(e.g., [3]). De Groote establishes the following result.
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2
\"gﬁ A bimorphism (£, ®, ¥) is represented
> by <207217227Z¢‘OZ£7$WOZ£7$>7
.,%/ Ly if £ is represented by (3o, Xr, %7, s).
Y] 2

Figure 5.1: Bimorphism and ACG

Proposition 5.2 (de Groote [15]). For every finite state transducer T,
there is a 2D-ACG 9 € Ggpring string (2, 2, 2) such that

where R(T') denotes the relation defined by T

Here we would like to emphasize that even though it is known that each
of the domain and range of a relation is represented by an ACG, the ques-
tion whether the relation itself can be represented by a 2D-ACG is not
trivial. De Groote has shown Proposition 5.2 using Nivat’s Theorem [39],
which establishes the equivalence between finite state transducers and bi-
morphisms. A bimorphism £ is a triple (£, ®, V) where L is a regular
language, ® and ¥ are homomorphisms. The relation defined by # is given
as R(A) = {(P(w),¥(w)) | we L}. We see the straightforward correspon-
dence between homomorphisms and first-order lexicons from string signa-
tures to string signatures. Together with the fact that regular languages are
represented by ACGs belonging to Gtring(2, 2), this homomorphism-lexicon
correspondence and Nivat’s Theorem entail Proposition 5.2 (see Figure 5.1).

Tree bimorphisms are a tree-version of bimorphisms. A tree bimorphism
B = (L, P, V) consists of a regular tree language £ and two tree homomor-
phisms ® and V. Instead of giving the definition of tree bimorphisms in the
usual way, it is enough to state just that a tree homomorphism is a first-order
AK-lexicon! from a tree signature to a tree signature. The relation defined by
A is given as R(A) = { (®(M), ¥ (M)) | M € L}. As (string) bimorphisms
are extended to tree bimorphisms, finite state transducers are extended to
tree transducers (see [3] for instance). It is known that bottom-up tree trans-
ducers that are allowed to translate without reading the label on the current

1A MK-lexicon can map a constant to non-linear A-terms. See Section 3.2.
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node (e-rules) correspond to tree-bimorphisms whose first homomorphisms
® are semi-relabeling, and bottom-up tree transducers without e-rules cor-
respond to tree-bimorphisms whose first homomorphisms ® are relabeling.
Moreover, some kinds of restrictions, such as non-duplication, non-deletion,
etc., on transducers and tree-homomorphisms preserve the equivalence. In
particular, if a transducer is linear (non-duplicating and non-deleting), then
U is linear in the corresponding bimorphism. By the straightforward corre-
spondence between tree-homomorphisms and lexicons, and between regular
tree grammars and Gipee(2, 1(r)) (Figure 5.1 is still valid for tree cases), we
have the following corollary.

Corollary 5.3. Every linear bottom-up tree transducer has an equivalent 2 D-
ACG belonging to Giree tree(2, 1(s1), 1), and vice versa. Every linear bottom-
up tree transducer without e-rules has an equivalent 2D-ACG belonging to
Giree tree(2, 1(1), 1), and vice versa.

Since linear bottom-up tree transducers and linear top-down tree trans-
ducers define the same class of tree languages, the above corollary holds
for linear top-down transducers. We note that though all Giee(2,1(r)),
Giree(2, 1(sr)) and Gyee(2,1) define the class of regular tree languages, we
cannot drop the condition that “the first lexicon is (semi)relabeling” from
the above statement.

Shieber [51] has shown that the relations defined by synchronous tree sub-
stitution grammars (STSGs) can be represented by linear tree bimorphisms,
where a bimorphism is said to be linear iff both tree homomorphisms are
linear. This immediately implies the following corollary.

Corollary 5.4. Synchronous tree substitution grammars can be represented
by 2D-ACGs belonging to Gieetree(2, 1, 1).

In fact, Yamada [58] has given a direct encoding of STSGs by 2D-ACGs
in Gigeetree(2,1,1). The converse relation is open. Shieber has presented
a method that constructs a “corresponding” STSG G¥ for a given linear
tree bimorphism % = (L, ®, V) such that the tree relation defined by %
is obtainable from the tree relation defined by the STSG by a relabeling
homomorphism.

5.2 Examples

Proposition 5.5. For every tree ACG 9 € Gyee(m, n), one can find a 2D-
ACG 9" € Gireestring(m, n,n + 1) such that

O(F') = { (P, yield(P)) | P € O(%) }.



5.2 EXAMPLES 105

Proof. For 4 = (3,%1,.%Z,s), let a string signature ¥, and a lexicon %5 :
Y1 — X be defined by

oty = {o},
ng = {CG Cgl | Tl(C) :O}7
To(c) = str for all c € 65,

L' (0) = str
if c € 61 N E:
g/(c): ():\str . ?CG 1_n2 .
oy + -+ x,  if m(c) =0" — o withn > 1.

The 2D-ACG ¢’ = (X9, 3,2, .2, L 0 L, s) satisfies the desired condition.
[

Proposition 5.6 (Reverse). For every string ACG 9 € Ggring(m,n), one
can find a 2D-ACG 9" € Ggring,string (M, 1, + 1) such that

OG") ={(/w/, /W) | /w/ € OF)}
where wt denotes the reverse of w.

Proof. For 4 = (¥9,%1,.%,s), let ¥ and ¥} be respectively the extensions
of ¥y and X»; such that

o = () (& ), o =ty = {o},
504 6o =G U{#} (# & 60), NI =G U{#} (# ¢ G),
TéZTQU{#HS—)S/}, =nU{#— o0},

and define .’ and .Z" as extensions of . by

Z'(s") = str,
L'(#) = Nz,

Z"(s") = o,

LRy
0 ! { L (#) = N4

LYy — X {
Thus, the ACG (X, 31, %", §') is equivalent to 4 and the ACG (X, ¥, £", s')
generates exactly O(¥) with the endmarker #.

Let a new second-order lexicon Z% : 3} — ¥ be defined as

L8 (0) = str
LRa) = " x +a
L5(H#) = /e/

We easily see that
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Thus, for &' = (3, %, %, ., Lo "), we have
OG") = {{/w/,/wi/) | Jw/ € OF)}.

Suppose that all the elements of an alphabet € are ordered as (cy, . ..

The sorted string Sort(w) of a string w € €™ is defined as

Sort(w) = ¢ ...c"m

where m; = #,(w) for each i € {1,...,n}.

,Cn)-

Proposition 5.7 (Sort). For every string ACG 9 € Ggping(m, n), there is

a 2D-ACG 9" € Ggtring string(max{3, m},n,n) such that
O(G') = {{/w/, [Sort(w)/) | /w/ € O(¥) }.

Proof. Let 4 = (X, 21,2, s) and suppose that the elements of the object
vocabulary %, are ordered as (ci,...,c,). We construct a 2D-ACG ¥’ =

(X0,%1,%1,.Z, L5, s,) as follows. Let

Ay =y U{qg,si|1<i<n} (s &),
G =%U{B;,C;|1<i<n} (B;,C &%),

() = ¢ — - — ¢ — 1y(a) for k; = #,(L(a)) for a € %,

70(B;) = s;_1 — s; where so = s,

70(Ci) = (¢ = si) = si.

For P € A(%,), let P denote the term obtained from P by replacing the
J-th occurrence of each constant c; with a fresh variable z; ;, i.e., P is the

constant-free term such that
o 1<5<k;
P = Ple;/zi5],212,
for the number k; of the occurrences of ¢; in P. We define

Zp) ifped

str otherwise

«i”’(p):cfs(p):{

L(a) = L) = by 2l et L (a)
for k; = #.,(Z(a)) for a € %
ZL'(B) = Z°(B;) = A a,
L'N(C) = ™ ey
ZL5(C) =\ fe) + [cif.

We need to show
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1. (/wy/, /wae/) € O(¥') implies #,(/w1/) = #,(/we/) for all ¢; € €,
2. /w/ € Oy(¥’) implies w € {c1}*...{c1}",
3. 0(9) =0.(9),

(1) is obvious.
(2) If N € A(¥'), then N has the form

N = Cu(Azf . Cu(Azy. .. Cu(Axl B
Thus we see (2) as
L(N) = LN e/ Jaagh2lad + /e + -+ fein ) = [ e

(3) We show O(¥) C O1(¥4'). Suppose that M € A(9) is given. Let k
be the total number of all occurrences of constants in M. That is,

M:M/[al/zl,...,ak/zk]
for a constant-free term M’ with Fv(M') = {z1,...,2:}. For 1 <i <mn and
1< <k, let

= Y #a(ZL(@n)

1<h<j
Let
; j<l1,i i\, +H1<j<la ; i\ k=1, +1<5<lg 5
N’ = Mg (@ 1250 2, anlal ) 20T o, (a2 5 ).
Indeed N’ is well-typed on X, and
L(M) =L (N)[ci/zi 1250
For
N = Co(Az] . Cu(Axly. .. Cu(Axl B

we have N € A(¥9') and .£'(N) = Z(M).

The converse direction O1(¥4’) C O(¥) is shown exactly symmetrically.
We easily see that every occurrence of a constant a in N € A(¥) accompanies
variables as aZ ...Z, where the length of each 7; is #,(-Z(a)). O



108 CHAPTER 5. TwoO-DIMENSIONAL ACGS

Proposition 5.8 (Reordering). For every string ACG 9 € Ggying(m, 1),
there is a 2D-ACG 9" € Ggpring string(max{3, m},n,n) such that

OG") ={(w/. /) | [w] € OF), #e,(W) = #e,(v) for all c; € G }.

Proof. Replace each s; in the proof of Proposition 5.7 with s = s. O

5.3 One-Dimensionality and
Two-Dimensionality

One may wonder whether a 1D-ACG can encode a 2D-ACG. Formally putting,
given a 2D-ACG ¥, can we construct an ACG ¢’ such that

OG") = [ \vwP,Py | (P1, Py) € O(9)}?

This is an open problem at this moment. We have just a partial answer to
the question.

Proposition 5.9. For every 2D-ACG 4 € G(2,n1,ns), there is an ACG
9" € G(2,n) for n = max{ny,na} + 2 such that

OG") = { \w.wP,Py | (P1, Ps) € O(%) ).

Proof. Let 4 = (39,341,309, 4, %, s) € G(2,n1,n2). We define the corre-
sponding ACG ¢’ € G(2,n) with n = max{ni,n2} + 2 to have the same
abstract vocabulary as &. The new lexicon . maps each atomic type p to

Z(p) = (Zi(p) = L(p) — o) —o.

For each a € %, of type p1 — -+ — pr — ¢, if £ (a) = Azy... 2P and
Z5(a) = A\yp ... Y. P, then we define Z(a) as

Z(@) = Az1 ... zpw.z1(Azyr. 2o (Azays. . . . 2k (Azpyp.wPLPy) . L)),

It is easy to check that for every variable-free M € A(3) of an atomic type,
it holds that

L(M) = pm A =n(L00)=0 4y 2 (M).%(M). O

It is easy to extend the above proposition for second-order kD-ACGs for
k> 2.

Corollary 5.10. Every second-order kD-ACG 9 € G(2,nq,...,n;) gener-
ates a PTIMFE language.
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Proof. By Proposition 5.9 and Theorem 2.11. O

Corollary 5.11. For every finite state transducer T, there is a linear context-
free rewriting system GT such that

L(GT) = {wi#tw; | (w1, wo) € R(T) }
where # is a new symbol not in T and L(GT) denotes the language defined
by GT.
Proof. For a 2D-ACG 97 € Gguingstring(2, 2, 2) representing the relation de-

fined by the finite state transducer T', let ¢ = (X0, %1,.Z,5) € Gtring(2,4)
be the one-dimensional representation of ¢7 constructed by Proposition 5.9.

O(9) = { \w.aw/wi//wa/ | (wy,wq) € R(T) }.

Let 9" = (X, %21, Z",s") € Gsping(2,4) be the extension of & obtained by
adding the lexical entry

(#, s = &, Mww(Ary.x+# +y))

where s’ is a new abstract atomic type mapped to str. Then,
OF') = { /wi#wa/ | (w1, w2) € R(T) }.

The equivalence between LCFRSs and Gigtying(2,4) (Theorem 2.6) completes
the proof. O

5.4 Linear Macro Tree Transducers

One well-known extension of top-down tree transducers is macro tree trans-
ducers (MTTs) [2,6], which are obtained by adding the feature of context-free
tree grammars to top-down tree transducers. Their output tree languages
for fixed input form context-free tree languages. Even though RTGs and lin-
ear CFTGs are equivalent to ACGs belonging to Gyee(2,1) and Gypee(2, 2)
respectively, it is not obvious whether linear MTTs are also equivalent to
Giree tree(2, 1,2). In fact we show the following proposition in this section.

Theorem 5.12. Linear e-free macro tree transducers are equivalent to 2D-
ACGs belonging to Gireetree(2,1(r),2). Linear macro tree transducers are
equivalent to 2D-ACGs belonging to Gigee tree(2, 1(s1), 2).

Our translation method is essentially same as the proof of the correspon-
dence between CFTGs and MTTs by Engelfriet and Vogler [7]. While the
CFTG obtained by their construction from a given MTT may have infinitely
many nonterminal symbols and production rules, the CFTG obtained from
a given linear MTT through our method is a usual linear CFTG consisting
of finitely many production rules.
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Definition

In this section, we provide two fixed special disjoint sets of variables, 2 =
{z1,...,} and & = {y1,...}, and let 2% = {z1,..., 2}, % ={v1,- -, Ux}-
For usual variables, we use letters z, zg, 21, 20, - - € Z.

For fixed ranked alphabets @ and 3, let RHS(Q, %, 2°,%) C T(QUX U
2 U%) be the smallest set RHS such that

e % C RHS,
o if f € X and M,,...,M,, € RHS, then fM,...M,, € RHS,

o if g c QU z;, € 2, and Ny,...,N, € RHS, then qz;N,...N, €
RHS.

A macro tree transducer (MTT) is a quintuple T' = (31,3, Q, A, gs)
where

e >, 5 and @ are ranked alphabets such that (3; UXy) N Q = @ and
QY =g,

e ¢, € QW is called the initial state,
e A is the set of transition rules each of which is of the form

—q(fxy...xp)yr .. Yy — M, or

— qr1y1 ...y — N (called an e-rule),

where f € 2™, ¢ € QU+, M € RHS(Q,Ss, Zn,%,) and N €
RHS(Q7227%7%>

An MTT is e-free if it has no e-rule.
For M, M' e T(QUX,UXs) and p=q(fry...20)01 ... yn — K € A, we
write M H2 M’ iff there is My € T(Q U X1 U X9 U {z}) such that

e 2 occurs exactly once in M,
o M' = My|K[My/x1, ..., Mp/Zwm, N1/y1, -, Nufynl/ 2]

For an e-rule p = qriy1...y, — K € A, we write M F5. M’ iff there is
My € T(Q U X, UXsU{z}) such that

e 2z occurs exactly once in My,



5.4 LINEAR MACRO TREE TRANSDUCERS 111

® M:Mo[quNl---Nn/Z]7
o M' = My[K[M/x1,Ni/yi,- .., Nn/yn]/2).

7 is defined to be the union of H. for all p € A and % is the reflexive and
transitive closure of 7. The relation R(7T") determined by T is given as

R(T)={(M,N) | M €T(2), N € T(3), and g M 5 N }.
We say that an MTT T is linear iff

o for every q¢(fzy...2m)v1 ...y, — K € A, each x; and y; appears in K
exactly once for 1 <i<mand 1< j <n and

e for every qr1y; ...y, — K € A, each z; and y; appears in K exactly
once for 1 < j < n.

If T is linear, then for a rule p = q(fz1...z0)y1 ...y — K € A, each x; has
the unique parent ¢; € @ in K. That is, for some Ky € T(X, U% U %) and
K; consisting of trees in T(X, U % U Z), K can be represented as

K = Kolgrai, Ki, /1] - - (G T Kb/ 2]

where (ky,..., k) is a permutation of (1,...,m). Note that the above does
not represent a simultaneous substitution, but a sequential substitution; e.g.,
29 may appear in Kj,. For instance, if

K=a (qwlb(a(a(%mb))yl)) (g3sb),

where a € 252), be Zgo), 1 € QW g, q3 € QP then K can be represented
as

K = azyz3[qiz1b(a(aze)y1) /z1][gawab/ 22] [gs3b / 23]

Technical Lemmas

For some technical reason, we extend the definition of F7C T(Q U, UXs) X
T(QU;UX,) to define the relation on T(QUY; UX,UZ ) x T(QUEUX,UZ)
in the obvious way.

Definition 5.13. For fixed ranked alphabets (), ¥, 35, the set of sentential
forms SF(Q,%1,%5,2) CT(QUX,UXyUZ) is defined as the smallest set
SF such that

o ¥ CSF,
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o iff e X{™ and Ny,...,N,, € SF, then fN; ... N,, € SF,

o if g € QUM M € T(X,), and Ny,...,N, € SF, then ¢gMN;...N, €
SF.

We simply write SF for SF(Q, %, %, &) if @, 31,3, are obvious from
the context.

Lemma 5.14 (Engelfriet and Vogler [7]). Let T = (X1,%5,Q, qs, A)
be an MTT. For all M € SF(Q,%1,%9, %) and M', M bty M’ implies
M' € SF(Q, %1, 5, Z).

Clearly ¢sM € SF for M € T(X;), so we can ignore trees that are not in
the sentential form.
If L € SF, then L can be represented as

L = KO[QlMlﬁl/zl] e [qume/Zm]

where each K; is a sequence of trees in T(S, U %), Ky € T(S, U %), M; €
T(X;) and each z; with j € {1,...,m} occurs in Ky, K3,..., K, exactly
once. (We assume that 2, ..., z, do not occur in L.)

Lemma 5.15. Let T = (31,%9,Q,qs,A) be a linear MTT. Suppose that
L € SF' s represented as

L=2z[P/z]...[P/z]

where P; € SF, z; occurs in zy, Py, ..., P,_1 exactly once, and z; does not
occur in Pi, ..., P, for each i € {1,...,k}. If L B4 L', then there exist
je{l,....k} and P} € SF such that

1 PP
2. L' =z [P[/x]...[P/z] where P/ = P; fori# j,
3. Pl € SF for eachi € {1,... k}.

4. zi occurs in z, Py,... P, exactly once, and z; does not occur in
P/ ... P for eachie{l,... k}.

Proof. It L+ L', we have two cases.
Case 1. Suppose that p is not an e-rule.

p=q(fZ)j— K
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By the definition of a derivation, L and L’ are written as
L = Lolq(fM)N/2]
L' = Lo[K[M/%, N/§]/2].
Let j be such that the focused occurrence of ¢ in L appears in P;. Since z;

occurs exactly once in 2y, Py, ..., Pj_1, the occurrence of ¢ in P; corresponds
to exactly one occurrence of ¢ in L. P; can be represented as

P = Pj,o[Q(fM)N,/Z]
since P; € SF. For
P} = Pjo[K[M /%, N'/y]/z],

we have P; . Pj. (1) is proved. By Lemma 5.14, P; € SF and thus (3) is
proved.

Let ¢ and v denote the sequential substitutions [Py /2] ... [Pj_1/zj-1] and
[Pit1/%j41] - - - [Px/ 2], respectively. Since z; occursin zq, P, . .., Pj_1 exactly
once, we have

Lo = 210[Pj0/ %Y
N =Ny,

where each element of 2,1, ..., 2, appears in either 21 ¢[P;/z;] or N’. There-
fore,

L' = Lo[K[M/%, N/§)/2]
= 210 Pjo/ 20 [K[M /%, N /4]/7)
= 210[Pyo/ ][ K[M /2, N'/§]/ 2]
= 219[P}/ 2]y

(2) is proved.
(4) is clear by the linearity.
Case 2. If p is an e-rule, similarly we can show the lemma. 0J

Corollary 5.16. Let T = (¥1,%5,Q, qs, A) be a linear MTT. Suppose that
L € SF s represented as

where P; € SF', z; occurs in Py, ..., P;,_1 exactly once, and z; does not occur
in Py, ..., Py for each i€ {1,... k}. If

LG - L,
there is a partition (S1,...,Sk) of {1,...,1} such that
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o Sz = {ni,h . ,ni,mi} with N5 < Ny j+1,

e« PH, -k P!

Pnia P m,; © 17

o L' =z[P//x]...[P./2).

Transformation

Here we present a method of transforming a linear MTT T = (31,35, Q, A, gs)
into a 2D-ACG 97 = (3¢, %1, 39, %4, %, s). The set of abstract atomic
types is defined as the set of states, o = @ and define % (q) = o and
Z(q) = o — o for each ¢ € QU+™. For each rule p € A, we put the
following lexical entries into 47 B B

For p = q(fzy...xp)y1 - yn — Kolge,Tr Kiy/21) - - (@ Ty, Kk, [ 2m) s

where (ky,..., k) is a permutation of (1,...,m),
Hp]] € %07
To([p]) =@ — - = am — 4,
Zi([p]) =1,
L([0]) = Mex - Ty - Yo Ko[n, Ky /1] - - - [k, K, [ 2m),

[o] € %0,
To(lo]) =@ — ¢,
LA ([p]) = A2°.2,
L([ol) = Az - -yn-Ko[xlf?l/Zl]-

Since T is linear, %([p]) is indeed a well-typed linear A-term.
Lemma 5.17. O(97) C R(T)

Proof. We show by induction on M that if M € A(X,) is variable-free and
has an atomic type ¢ € Q™. then

for every N; € T(X3 U Z). This implies that for any M € A(%7), we have
as| L1(M)|g B7 | L2(M)|.

Let the head of M be [p]. We have two cases.

Case 1. Suppose that p € A is not an e-rule,

p=qlfry...xn)y1 .. . Yn — Ko[qklxklf?kl/zl] . [qkmkaf?km/zm],
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where (ki, ..., kp) is a permutation of (1,...,m). By 7o([p]) =1 — -+ —
Gm — q, M has the form
M= [)IMi ... M,

for some M; with 7o(M;) = ¢; and 70(M) = ¢q. Applying the induction
hypothesis to each M;, we have

G| L (M;)|p K | ZL2(M;) K - (5.1)
Let Z=21... %0, Y=Y1 ... Yn, N=N;...N,. By the definition,

Z([o]) =f
L([p]) = Mo Kolww, Ki, /1] - - - [2x,, K, [ 2m)-

Since
L(M)N = Z([p]) L (M) ... L(My)N
= (\TT.Ko[ww, K, /2] - [, Ki,, [ 2m]) Lo (M) . .. Lo(M,,) N
5 Kol (M) Ky, /21] . .. [L(My,,) Ky, /2] [N /5],
we have

L (M)Ny ... N, = q(f| . L(M)|g ... | L (M) 5)N
H Kolg |4 (M) pBry /21] - [Gk, | A (M, ) | 5Bk, /2] [V /7]

e Kol|-o (M) K, |5/ 21) - . [| Lo ( My, ) K, | 5/ 2] [N /7]
(By (5.1))
—, S(M)N; ... N,

Case 2. Suppose that p is an e-rule of the form
qriyr - Yn — Ko[éhfﬁf?ﬂ-

Then, 79([p]) = ¢1 — g, M = [p]M; for some M; with 7o(M;) = ¢1, and
To(M) = q. Applying the induction hypothesis to M, we have

Q| A (M) |p Ky Fr | La(My) K.
By the definition,

Z([e) = 222
2([p]) = Azayr - -yn-KO[xlkl/zl]'
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Let y=y1...vyn and N = N ..., N,. Since

Ly(M)N = 2([p]) Lo(My)N
= (M1 7. Kolz1 K1/ 21)) % (M) N
—5 KoL (M) K1 /21][N /9],

we have
¢ L (M)N =5 q|.Z(My)|sN

. Kol (M) /1) [N /4]

Fr Kol | L2 (M) Ky s/ 21 ][N /9]

—5 ZL(M)N. O
Lemma 5.18. R(T) C O(¢7).
Proof. We show by induction on k that if

gMN;y...N, B2 P - HIE Py

where ¢ € QU™ M € T(X,) and Ny, ..., N, P, € T(X,U Z), then there is
L € A(Xp) of type g such that |.Z(L)|g = M and |Z5(L)N; ... N,z = P.

Case 1. Suppose that pg is not an e-rule. Then, M, pg, P; can be written
as

M==tM,...M,,
po=q(fz1...zp)yr.. . Yo — Ko[qklﬂfkl[?kl/zl] e [kaﬂfkm&m/zm]
Py = Kolqe, My, K, /21] - - [k, M, K, /2] [N /3]
where N = Ny ...N,, ¥ = Y1 -Yn, and (ky,...,k,) is a permutation of
(1,...,m). By Lemma 5.16, we have a partition (Si,...,S5,) of {1,... k}
such that
° S@ = {ni,l, .. ,ni,li} with Ty j < i j+1,

pn,L' 1:

[ QZMsz[N/m }_;"21 I_T o RZ’,
[} Pk: = KO[Rkl/Zl] Ce [ka/zm]

By the induction hypothesis, there is L; € A(X) of type ¢; such that
gl(Lz) = Mz and
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For L = [po] L1 ... Ly, we see that
$1<L) = .21([[p0]])gl([/1) .. 9%1(Lm) = fMl . Mm = M,
and

Z(L)N, ... N,

= %([po]) (L) ... Lo(Lm) N

= (A1 2] Kolww, Ki, /1) - - - [k, Kk, [2m]) Lo (L) . .. Lo(Lyn) N
= Ko[L(Li, ) K, [N /i) 21] . .. [La( Lk K, [N /3] 2]

= KolRk, /2] . [Bk,. [ 2m] (by (5.2))
= b

Case 2. Suppose that pg is an e-rule. Then, py and P; can be written as

Po = qTiyY1 .. Yp — Ko[(hfﬁf?l/zl]
P = KO[QlMﬁl/Zl][N/m

where N = Ni...N,and ¥ =1vy;...y,. Thereis Ry € T(3, U Z) such that
o (MEN/Jj| o - Fo Ry,
® Pk = Ko[Rl/Zl].

By the induction hypothesis, there is L; € A(3g) of type ¢; such that
Z1(L1) =M and
| <L2(L1) KA [N /]| = R

For L = [po] L1, we see that
.iﬂ(L) = gl([[po]])gl([/l) = ()\ZO.Z)M = M,
and

Z(L)Ny ... N,

= %([po])Lo(L1)Ny ... N,

= A2y - yn Koo K1/ 21)) % (L) Ny .. N,

= Ko[Z(L1) K1 [N /3] 1]

= KO[R1/21]

— P, O
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Corollary 5.19. FEvery linear e-free macro tree transducer has an equivalent
2D-ACG belonging to Gipee tree(2, 1(1x),2). Every linear macro tree transduc-
ers has an equivalent 2D-ACGs belonging to Gree tree(2, 1(s1), 2).

It is not difficult to establish the converse direction. We define a linear
MTT TY = (31, %5, Q, ¢s, A) equivalent to a given 2D-ACG ¥ = (3, ¥y, 3o,
LA, 25, 8) € Gireetree(2, 1(s1),2). Let

QUM = {qe o | L(g) =" — o}

and g; = s. For each a € % of type ¢1 — -+ — ¢ — ¢, if Z£5(q) is n-ary,
then put the transition rule

q(|“L1@)z1 . xmlp)yr - Yo — [Z2(@)(171) - (Gm@Tim)Y1 - - Ynls

into A. It is easy to check that the above method is exactly the inverse of
our encoding of linear MTTs by ACGs. Thus the resultant linear MTT 7%
is equivalent to the given 2D-ACG ¥. This shows the following statement.

Theorem 5.20. Every linear e-free macro tree transducer has an equivalent
2D-ACG belonging to Giree tree(2, 1(r), 2) and vice versa. Fvery linear macro
tree transducers has an equivalent 2D-ACGSs belonging to Giree tree(2, 1(s1), 2)
and vice versa.

Synchronous Tree Adjoining Grammars and 2D-ACGs

The notion of tree bimorphisms can be extended by replacing each homo-
morphism with general mappings, as lexicons are allowed to be higher-order.
Shieber [52] has shown that the relation defined by synchronous tree adjoin-
ing grammars (STAGs), which are an extension of STSGs, can be represented
by tree bimappings B = (L, P, V) where L is a regular tree language and
both mappings ® and ¥ are defined by linear monadic e-free MTTs. In a
monadic MTT, Q = Q" U Q@ holds. Actually what Theorem 5.20 states
is that linear MTTs can be represented by 2D-ACGSs, not by lexicons. Nev-
ertheless, the following Lemma entails that STAGs are also encodable by
2D-ACGs.

Lemma 5.21. Let two 2D-ACGs G = (X, X1, Yo, A4, L5, ) € G(2,1(1),n)
and 9" = (3, %1,%3,, 2], 4}, s") € G(2,1(r),n) are given. There is a 2D-
ACG 9" € G(2,n,n") such that

O@") ={(P,Q) | (M, P) € O(F) and (M,Q) € O(¥") }.
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i
Z / \Z/
2NN
22* —————————— 21 —————————— —>ZI2
P U

Figure 5.2: Bimapping and ACG (Lemma 5.21)

Proof. Let (), L' : ¥ — X1, £ : ¥ — X9, L' 1 B — X, be defined as
o ={lp.al | p€ . q€ o, Lp)=ZL(q)},
%, ={[a,b] |a €%, be%, L)=Llb)},
7'3([[3, b]]) = [pluql] — [pkan] - [pO7QO]
if o(a) =p1 — - = pr = po, 0(b) =@ — - — @ — q,
Z([a,b]) = £(a), Z'([a,b]) = Z(b).
For 9" = (3, %9,%3,, %, L', [s,5]), we have
O@") ={(P,Q) | (M, P) € O(%) and (M, Q) € O(¥") }. a

Corollary 5.22. Synchronous tree adjoining grammars can be represented
by 2D-ACGs belonging to Gigee tree(2, 2(mon), 2(mon)).

Proof. For a given STAG G, let ¢ = (L£,T1,Ts) be the corresponding
bimapping where 77 and T, are linear monadic e-free MTTs. By our con-
struction, we have 47" € Gree tree(2, 1(r), 2(mon)) such that

O@") = {(M,N) | M1, N }

By applying Lemma 5.21 to 97" and 972, we get 4 € Giyee tree(2, 2(mon), 2(mon))
such that

O(F) = { (N1, Na) | M b1, Ny, M Fq, No} = R(Z°).
O

Remark 5.23. Though STAGs generate PTIME languages by Corollar-
ies 5.10 and 5.22, the universal membership problem for STAGs is NP-
Complete. The membership of NP is obvious. The NP-hardness can be
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shown by reduction from the string rearrangement problem (see Definition 6.4

and Theorem 6.5). For the definition of STAGs and their derivations, see [50].
For an instance (w, (wy,...,w,)) of the string rearrangement problem, let

an STAG consists of the following initial tree pair and auxiliary tree pairs:

Ail
Ao
! B
B
aiﬁ

N

/Al\z‘ A2 .

[ < A:( 3 B > for W; =a;1...-3im;-
ai,ﬂ*
It is clear that (wq,...,w,) has a solution iff the following tree pair is deriv-

able by the above STAG. The order of adjoining trees corresponds to the
permutation on (wq, ..., wy).

A
A1 al/x

l PN

i as .
A, B

|
o< ,1: , am/?\# forw=a;...a,,.
This result makes a contrast to the fact that the universal membership prob-
lem for TAGs is in P.

5.5 Deterministic Tree Walking Transducers

A deterministic tree walking transducer [1] (DTWT) is a kind of finite state
automaton that takes a tree as input and walks on the tree from a node to
a node starting from the root node. Depending on the current state and the
label on the current node, it deterministically decides which adjacent node it
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should go to and which state it should enter. Each transition, it writes some
string. When it gets out of the tree with a final state, the concatenation of
the written strings is output. Thus, a DTWT defines a relation between trees
and strings. A DTWT becomes a tree recognizer or string generator if we
disregard its output or input, respectively. It is known that DTWTs as tree
recognizers define a proper subclass of the regular tree languages [23] and that
DTWTs as string generators are equivalent to LCFRSs [57]. Consequently
it would be expected that the relation defined by DTWTs are definable by
2D-ACG belonging to Giyee string(2, 1,4), though it is not a corollary to the
above results. In this section, we show that the expectation is correct by
borrowing the idea from Weir’s work [57].

Definitions and Notations

For each tree M, we give the set path(M) C N* of paths of M as
path(fM; ... M,) = {e} U{ir | m € path(M;) }

and the subtree specified by m € N* is defined as

fMan fr=c¢

M; @ if m=1n’.

fMl...Mniﬂ'I{
A deterministic tree walking transducer is a sextuple T' = (31, V, Q, A, ¢, F)
where
e Y, is a ranked alphabet, called the input alphabet,
e V is an unranked alphabet, called the output alphabet,
e () is the set of states,
e ¢, € () is the initial state,
o y C Q is the set of final states,

e A is a partial function from ¥; x Q) to V* x N x (), called the set of
transition rules, such that if A(A,q) = (w,d,q’), then 0 < d < rank(A).

A configuration of 7" is a quadruple (K, ¢, w) where K € T(3;) is the tree
under consideration, m € path(K) U {1} specifies a node in K or is T (where
1 can be thought of as the parent of the root of K), ¢ € @ is the current
state, and w € V* is the output string produced up to that point in the
computation. We call a state ¢ an up-state for A if A(A,q) = (v,0,q¢) for
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some ¢’ and v and a down-state for A if A(A,q) = (v,d,q’) for some d > 0.
We write
<K7 4, W> I_T <K7 7T/7 q/u WWI>

if

the head of K : mis A € X,

A(A q) = (w'.d,q),
e cither 7 = 7’'m for some m or 7 = e A7’ =7 when d = 0,
o 7' =md when d > 0.
The relation defined by T is
R(T) ={(K,w) | K € T(X;) and (K, ¢,qs,¢) Fp (K, T,q,w) for some g € F' }.
If K is in the domain of R(7T'), we say that K is accepted.

Example 5.24. Let a DTWT T = (3, V, Q. A, qo, {qr}) have the following
transition rules in A:

(B, q0) = (1,90), (A, ) > (1,90), (C,q0) = 0,q1), (A,q1) = (0,q1),
(B, q1) = (1,q2), (A g2) = (2,q2), (B,q2) = (1,q2), (D,q2) = (0, g3),
(Boas) = (0,45), (Ags) = (1,as), (Co) = (0,q0), (A qa) = (0,4a),
(B,au) = (0, )

T translates the following tree into the string aaabbcbcbcddd.

A
£ % T
A é — aaabbcbcbeddd
C/\E b b

Encoding of DTWTs by 2D-ACGs

First we construct a 1D-ACG ¥4, = (X, X1,-Z1, s) whose language is the
domain of the relation defined by a given DTWT, disregarding the output
strings. Suppose that a tree K is accepted by T. We can decorate each node
of K with the sequence of states of T" which T enters when T visits that
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[57610(11(14]

7QOQ1Q2Q3Q4]
,QOQ1Q2Q3Q4 7Q2Q3
[,%%%%%

1p) (J3 42 (J3

|
[m,qzqg] |£7Q2 |£7Q2

[ 7q2]

Figure 5.3: Tree decorated with valid histories

node. The tree in Example 5.24 is decorated as in Figure 5.3 according to
the walking of . We can give any decoration on a tree, but at most one
of them represents the real walking of the automaton on the tree, since the
automaton is deterministic. We call such a decoration correct. A tree admits
exactly one correct decoration if the tree is accepted, and otherwise, it has
no correct decoration. Though checking the correctness of a decoration on
a tree can be done by walking the whole tree, here we present a method of
checking the correctness of a decoration locally.

If a node labeled with A in a tree K € T(%;) is decorated with a sequence
p of states, then p'must end with an up-state p for A, since T terminates at
the upper node T of the root node. Moreover, by the determinacy of T', p
contains no overlapped occurrences of the same state. If a state p appears in
P twice or more, then T falls into a loop. We call a possibly empty sequence
p of states a valid history of A if

e for every element p of p, A(A,p) is defined,

e 10 state occurs twice or more in the sequences,

e the last element (if exists) of p'is an up-state.
In particular, if A has rank 0, then every valid history p" on A consists of
up-states only. There are finitely many valid histories of A for each A, since

any state can appear in a valid history at most once.
Let us look at the following fragment of the decorated tree in Figure 5.3.

[A7QOQIQ2Q3Q4]
[ 7(10(12] [| 7(12(]3]
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Now you can forget other parts of the tree. Here ¢oq19293q4, qoq2, q2q3 are
respectively valid histories of A, C, B. Since the automaton starts from the
root node, the automaton visits the parent node A before its children C,
B. Let us analyze the relation between those three valid histories starting
from the state gy on the node A. According to the transition rule (A, qo) ~
(1,q0) € A, the automaton must go down to the first child C and the state
qo is unchanged. Indeed, the first state of the decoration on the node C
is qo. It is consistent. Then the transition rule (C, q) 5 (0,q1) demands
the automaton to go up to the parent A and to change the state into ¢.
Indeed, the second state on A is ¢;. Here the automaton should obey the
rule (A, q;) = (0,q), and it disappears from our view. Though we cannot
know whether the automaton comes back here unless we look at other parts of
the tree, we assume that it comes back here with the third state ¢g; on A, and
continue checking the consistency as described so far. By (A, ¢) — (2, qo),
the automaton arrives at B with the state ¢g;. Then it next goes down by the
rule (B, ¢2) = (1,¢,). Again we assume the automaton comes back here with
the next state g3 on B, though we do not known whether the automaton really
comes back here with that state. This consistency checking is illustrated by
arrows as below, where all the states appearing in the valid histories are
connected in sequence. This case we say it is a locally consistent combination
of valid histories.

The following two are examples of inconsistent combinations of valid histo-
ries.
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In the example on the left, though the sequence ¢o2qy is a valid history of
C, it contradicts the transition rule (A, go) — (1, q). In the example on the
right, we cannot reach the last state ¢o on the node C. These are inconsistent
combinations of valid histories. For A € Ego), which cannot have children,
we also define a locally consistent combination of valid histories to be a valid
history of A.

Let us turn our attention to the root node. It is easy to see that if the

root node of an accepted tree is decorated as [A, ¢ ... x|, then
e the first element ¢; must be the initial state,
e if i # k, then ¢; is a down state of A,
e (A q.) = (0,q7) € A for some q; € Q.

We call a valid history ¢ on A satisfying those conditions a root history of A.
As we will prove later, for a given decorated input tree, if each fragment of
the tree of height one is decorated by consistent history and the root node is
labeled with a root history, then the whole decoration on the tree is correct,
and thus the undecorated tree is accepted by the automaton. For a given
DTWT T, we construct a 2D-ACG whose abstract language represents the
set of correctly decorated trees on >; and whose first lexicon strips off the
decoration of the tree.

Definition 5.25. For A € Egn) and By,...,B, € X1, a locally consistent
combination of valid histories of (A, By, ..., B,) is a sequence o of pairs whose
first component is a symbol in {A,By,...,B,} and whose second component
is a state in () such that

o=01...04
Oi = 0i1 - Ok, (A, Diki+1)
Ui,j = <A7pi,j><Bdi,j7 qi,j,1> o <Bdi,j7 Qi,j,k¢,j+1>
where

e the sequence p'=p11...P1g+1---Pk1---Dik+1 is & valid history of A
for each 1 <1 < k,

® ¢ ={qjg|dij=h,1<g<k;+1)* (elements of g, are paired with
By) is a valid history of By,

2 Precisely, g, is the sequence consisting of ¢;j, with d;; = h such that if ¢, =
F1Qi1,j1,g1%2,j2,927?27 then either i1 < ig oriy =is Aji < joorig =ia Aj1 = joaAg1 < go
holds. In the remainder of this section, if a sequence is defined without specifying the
order of the elements, they are ordered in this manner according to their indexes.
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and moreover, for each 1 <7 <k, 1 <35 <k;, 1 <g <k,
o A(A,pig+1) = (v,0,7) for some ve V*and r € Q,

o A(A,pij) = (Vij,dij qiji1) withl <d;,; <nandv,;; € V*,
o A(By,,:Gijg) = (v,d,r) for some v e V* d>0,and r € Q,
o A(Ba,;, @ijiki+1) = (Vi 0, pijg1) with v, € V™

Now we define a higher-order signature >, and a lexicon %] : ¥y — Y.
Let

oy = {[A,p] | p'is a valid history of A} U {s}
%o = {[AB;...B,,0] | o is a locally consistent combination of valid
histories of AB;...B, }
U{[A,q] | ¢is a root history of A}

and 79 be defined as
TO([[ABl s Bnao-]]) = [Blacfl] o [Bn,(jn] - [A7ﬁ]

where each ¢; and p are determined as in Definition 5.25,

([A,q]) = [A, q] — s.

Let

gl([Avq—]) =0,
Z([AB, o]) = A,
ZI([A, q]) = A\2°.z,

We have established the correspondence between correctly decorated trees
on T(X;) and the abstract language of ¢, = (3, ¥1, .21, s).

Now, let turn our attention to the output of the transducer. We say that
a valid history ¢ on A is a unitary history iff ¢ contains exactly one up-state
for A. If a valid history ¢ contains k& up-states, then ¢ is uniquely partitioned
into k unitary histories. Suppose that a subtree K of a correctly decorated
tree is rooted by [A, ] such that ¢ is partitioned into k unitary histories.
This means that the automaton visits the subtree K exactly k£ times. The
automaton outputs some string w; during the walking of the i-th visit. Let
M € A(X) represent K. We want the second lexicon % : ¥y — Xy to map
M to

A g )
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This can be realized by defining %5 as follows.

32(‘9) = 8tr7
Zo([A,9)) = (str — str) — str
if p’is partitioned into k unitary histories of A.

Let A,Bq,...,B,, and ¢ be as in Definition 5.25.
L([ABy ... By, o)) = Myp -y 1 (A2 g2 (A2 o yn(AZ. e Ny oo NE) .. L)
where 2, = (2;; | d;j; = h) and
Ni= via/ + 2+ Vig) + -+ Nig/ + Zig, + Vig, /-
For root histories, let
DA, q]) = Aylr=sm=s y (X 2+ v /)

if A(A,q) = (v,0,qy) for some ¢y € Qs for the last element ¢ of ¢.
We then define an ACG 97 € Giyeestring(2, 1(s1), 4) as

gT = <ZO7 217 ZV,Zl,ZQ, S)'
Lemma 5.26. O(97) = R(T).

Proof. [0(47) € R(T)]
First we show the following claim by induction on M:

Suppose that M € T(X,) has type [A,p] € @ — {s}. Let p’ be
partitioned into k& unitary histories pi,...,pr of A. Then, there
are wy, ..., wx € V* such that

o Ly(M) = N\eS =S fwy )L fwy/,
° <$1(M),€,pz‘,1,5> =7 <$1(M)757pi7ki+1awi> where p; = Di1- - Dik+1-

Basis. Suppose that M = [A, (A;p1) ... (A, pr)] € %o with A € 250). Every
p; is an up-state and thus a unitary history of A. By the definition,

k times

o L([A (A p1) .. (A p)]) = M s e ) e

o (Ae,pi,e) Y (A e, pi,e).
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Step. Suppose that M is of the form [AB;...B,,o]M; ... M, and
7o([AB1...Bn,0]) = [B1,qi] — -+ — [Bn, d] — [A, 1]
o must be of the form

o=01...0%
0; =041---04k (A,pz‘,kiﬂ)
0ij = <Aapi,j><Bd¢J’7 Qi,j,1> cee <Bdm~7 Qi,j,ki,j+1>

such that

e the sequence p'=pi11...P1k+1---Pk1---Pkket1 1S & valid history of A,
where each p; 1 ...p;ir+1 1s a unitary history of A,

® ¢ =(Gjgldij=h,1<g<k;+1)Iis a valid history of By, where
each q;j1 ... qijk, +1 18 a unitary history of By,

and moreover, for each 1 <7<k and 1 <75 <k,
AApi;) = (Vij dij, ¢ija) with 1 <d;; <n, (5.3)
A<Bdi,j7 Qi,j,ki,jﬂ) = <V;,j7 0, piji1)- (5.4)

We apply the induction hypothesis to M, of type By, ¢;] for each 1 < h < n.
If ¢, is partitioned into [;, unitary histories of B, then there are strings
Up1, ..., Up, € V¥ such that

Ly(My) = A" 2 fupa /) . Jun, (5.5)
and for each ¢, j with d; ; = h,
(Z(Mhn), e, gij1€) Bp (M), €, Gijis 415 Wi ) (5.6)

where w; ; = uy, , for the g-th pair (i, j) such that d; ; = h, i.e., (Up1, ..., Upy,) =
(w; ;| dij =h). Thus, for each j < k; we get

(LA(M),e,pij,e) Fr (L (M), d; j, 441, Vi) (by (5.3))
(M), ds g, Qi g 415 VigWi ) (by (5.6))
Fr (iﬂl(M);€>pi,j+17Vi,jWi,jV§,j>a (by (54))

and therefore

<$1<M>757pi,175> '_*T <$1<M>75,pi,ki+lawi>
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for w; = v; w1V .. Vi Wik, Vi, . On the other hand, by the definition of

2,
L5 ([ABy ... By, 0]) = Ayr . ynzy1 (AZ1y2(AZa. oy (A2 2Ny .o Ng) . .L))
where 2, = (2;; | d;j; = h) and
Ni= Nig) +zin+ Vi) + -+ Nig ) + zig + Vig, /-
Let /un/ = (/unr/, .-, Jung,/) = (/wi;/ | dij = h). Then,

L(M) = Z([ABy ... By, o)) Az = /iy /) ... AT 0, )
(by (5.5))
= Ax.xNy...Ng[/ui//Z] ... [/Un/]Z0]
= \z.zN; .. Nk[/wm//z”]gg,f'
= v.x/wy/ ... /wy,/.
We have completed the proof of the claim.
Suppose that M € A(47). Then, M has the form M = [A, gJM’ for some

M’ of type [A, q], where ¢ is a root history of A of the form ¢ = ¢sq2 ... qr11
such that

A(Aa Qk-i-l) = <V7 07 Q>
for some ¢ € Q and v € V*. By applying the above claim to M’, we get

o LH(M') = X fw/,
L <$1(M/),E,qs,8> l_} <$1<M/)7E,C]k+1,w>.

Combining the above derivation with respect to £ (M’) and A(A, qx+1) =
<V7 07 Q>7 we get

<$1(M,)757QS75> l_;“ <$1(M/)7 T,q,WV>,

and thus we have (Z(M’'),wv) € R(T). Since Z([A,q]) = Az.x and
(A q]) = Myy(Az.z + /v/), we get

Z([A QM) = L (M)
Lo(IA, M) = Jwy/.

We obtain O(¢T) C R(T).
[R(T) € O(F")]
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Let K’ be a subtree of the correctly decorated tree of an accepted tree,
[A, p] the label of the root of K', = p...pk, and p; = pi1...Dik+1 Where
each p; is a unitary history of A. Then, for each 1 <1 < k we have

<K7€>pi,175> |_*T <K7€;pi,k¢+lawi>

where K € A(X;) is the tree obtained from K’ by stripping off the decoration
with states. We first prove that for such K, p, and wy,...,wg, there is
M € A(3) such that

o 7o(M) =[Ap],
® gl(M) = K,
o Ly(M) = \es™" = g fwy )L wy/

by induction on K.
Basis. If K = A € £\ and K’ = [A,p] where 7 = py...py is a valid
history of A, then we have

<K7 €, Pi, 8) l_(j]" <K7 €, Di, 8>

for 1 <14 < k. By the definition, we have an abstract constant

[A, (A, p1) ... (A, pr)] € 6o such that
To([A, (A, p1) - (A pr)]) = [ 15]
(A (A pr) - (A pr)]) =
L([A (A pr) . (A p)]) = o afe) . [ef.
(LT

k times

Step. Suppose that a tree K € T(3;) and a sequence p of states are such
that K = A(BlKl) ce (BnKn>7 ﬁ = P11---Prki+1---Pk1---Pkkp+1 where
each p;1...pik+1 is a unitary history of A, and

<K7€>pi,175> '_*T <K7€>pi,k¢+lawi> (5-7)

for each 1 < < k.

For each j < k;, since p;; is a down-state for A, we have A(A,p; ;) =
(Vij,dij,rij) for some v, ; € V* d;; >0, r;; € Q, and T goes down to the
d; ;~th child of A.

<K 19 pij75> }_T <K dij,rij,vij) (58)

Since T must come back from By, ; to the node A with the state p; 1, there
are 1 ; €  and v; ; € V* such that A(Ba, ;571 5) = (Vi ;5 0, pijr), e,

<K dl]? z]? >|_T <K787pi,j+17vg,j> (59)
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Consider the move of T" from when it is at By, ; with the state r; ; to when it
is at By, , with the state 77 ;. That is,

<K, di,jari,j7€> l_;w <K, di7j,’l"/ Wi,j) (510)

INE
for some w; ; € V*. By (5.7)-(5.10), we get the equation
W; = Vi71WZ’71V;71 ce Vz‘,kiWi,kiV;,ki- (511)

Suppose that the h-th child of A is decorated as [Bj,qn] in K'. gy,
must contain as a subsequence a unitary history of By, ; corresponding to
(5.10). Let the unitary history be Gi; = qij1- .- Gijk, +1, Where g; ;1 = 745,
Qijki 41 =15 Wesee G = (Gijg | dij=nh,1 < g<k;+1). By applying
the induction hypothesis to Bhl? pn and g, we get M, € A(Xg) such that

70(Mp) = [Bh, @),
L (M) = BrKy,
gg(Mh) = )\x-x</wi,j/>d¢7j:h- (512)

Let o be defined as

O =01...0
0 = 031 i, (A, Digir1)
Oij5 = <Aapi,j><Bd¢J’7 Qi,j,1> e <Bdi’j7 Qi,j,ki,jH)-
Since o is a locally consistent combination of valid histories of (A, By, ..., B,),
we have an abstract constant [AB; ...B,, o] such that
TO([[ABl s Bn,CT]]) = [Bla(jl] — T [Bna(jn] - [A,ﬁ]
.,gl([[ABl e Bn7 O']]) =A
where Ny = /viy/ + 21+ /Viy/ 4+ Nigs ) + Zigs + [Vig,/

and Zh = <Zi,j | d@j = h>
Thus, for the abstract term M = [AB;...B,,0]M; ... M, € A(X), we have

To(M) = [A, ]
Z (M) =ABK,) ... (B,K,)
= r.xNy ... Nk[/wl]//z”]}gg?ﬂ (by (5.12))
=Av.x/wy/ ... wy/. (by (5.11))
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Suppose that (K, w) € R(T) for some tree K € T(X;) and w € V*. Let
7 = qsq> - - - qQx+1 be the root history of the root label A of K obtained from
the derivation

(K,e,qs,6) Fr (K, &, qry1, W) Fr (K, T,q,W'v)
where ¢ € Q5 and w = w'v. By applying the above claim to the derivation
(K,e,qs,6) i (K, &, 1, W),
we get a A-term M such that
o To(M) =[A,q,
o LH(M) =K,
o LH(M) = v.a/wW/.
Recall that we have the abstract constant [A, ¢] such that
e o([Adl) =[Aq — s,
o Z([A4]) = Az,

o LA = MyyOzz+ V).

Thus, for [A,dJM € A(%7T), we get A([A, M) = K and Z([A, M) =
/w'v/ = /w/. This completes the proof. O

Proposition 5.27. For every deterministic tree walking transducer T, there

is a 2D-ACG 97 € Greestring(2, 1(1), 4) such that O(4T) = R(T).

Proof. The lexicon .Z; defined above is a semi-relabeling. Abstract constants
representing root histories are mapped to the identity: Z([A, ¢]) = A\z°.x.
These constants can be eliminated as we have done in Section 4.3.3 to elimi-
nate unary nonlexical constants from second-order ACGs. For each constant
[[Aé,a]] of type @ — [A, ], we add a new constant of type & — s that is
mapped to Z(AZ.[A, {]([AB, 6]Z)) by the lexicon .%,. Then we can get rid
of [A, ] from the grammar. O

Remark 5.28. In the original definition [1], a DTWT has a context-free
grammar as its parameter and takes only derivation trees of the CFG as
input. The above proposition still holds if input is restricted to elements of
a regular tree language £. Let 9° = (3, %1,.%Z, s) € Gee(2, 1(r)) represent
the regular tree language £ and 97 € Giree string(2, 1(r),4) encoding the tree
transducer whose input is not restricted. Applying Lemma 5.21 to the 2D-
ACGs G- = (50,31, %1, 2, Z, s) and 97 € Giree string (2, 1(r),4), we obtain
the desired 2D-ACG.
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Now we obtain the two-dimensional version of Salvati’s Theorem (Theo-
rem 2.6). It is easy to extend the following result to second-order kD-ACGs
for any k € N.

Corollary 5.29. For every second-order 2D-ACG Y € Ggringstring (2, 111, N2),
there is an equivalent 2D-ACG 9" € Ggtring string (2, 4, 4).

Proof. In the proof of Salvati’s Theorem, for a given second-order string
I1D-ACG % € Ggtring(2, 1), he constructs a DTWT Tj as a string language
generator whose output language coincides with the object language of 4,
where input trees for T} are restricted to elements of A(%).3

Let 9 = (0,241,392, 4, %,5) € Ggring(2,n1,n2). For the i-th pro-
jection ¢; = (X0, %;, %, s) of G, let T; = (X0, %;,Qi, qi, F') be the DTWT
obtained by Salvati’s method whose input is restricted to a regular tree lan-

guage A(¥). That is,
R(T) ={{M,P) | M € A(9), b = Zi(M) }.

By applying our method to DTWTs T;, we get 2D-ACGs ¥/ € Giyee string
(2,1(r),4) such that
O(%:) = R(T3).

By Lemma 5.21, we get a 2D-ACG ¥4’ € G(2,4,4) such that

OG") ={(P, P) | (M, P;) € O(%) =R(T3) }

={(P, ) | McAY) Pi=4(M)}=0(9). O

The converse of Proposition 5.27 does not hold, since there is a regular
tree language that cannot be recognized by any DTWT [23].

5.6 Linearization of Affine Two-Dimensional
ACGs

In Chapter 3, we gave two linearization methods for affine 1D-ACG (Theo-
rem 3.16). One of them is valid for 2D-ACGs as well.

Theorem 5.30. For every affine 2D-dimensional ACG 4 € G (m,ny,ny),
there is a linear 2D-dimensional ACG 4" € G (m, max{2,n, }, max{2,ny})
such that O(9") = O(4) N (AI"(Z)) x AlIn(3,)).

3Precisely speaking, Salvati gives a slight modification on the given ACG %, before
constructing a DTWT. Nevertheless, it is not an obstacle to our discussion at all, since
the same modification can be done on 2D-ACGs.
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Proof. Let 9, = (3, %, %, s) be the i-th projection of the given affine ACG
¢, and 9" = (5,0, %, 2L/, [s, Zi(s)]) the linearized form of ¥; obtained by
our method. Recall that we have a relabeling lexicon %, : ¥, — Xy that
satisfies the equation (3.5), i.e.,

{M € A@) | | Z(M)]; is linear } = { Z,(N) | N € A" }.

Let 9! = (X0, X0, X3, Z0.4, L), [s,Zi(s)]) for i = 1,2. By applying Lemma 5.21
to two linear 2D-ACGs ¢/ with i = 1,2, we get a 2D-ACG ¥” such that

OF") = OF) N (A(2)) x Aln(5,)). O

We easily apply this method to any affine kD-ACGs with k € N.

On the other hand, Theorem 3.8 does not hold for two-dimensional second-
order affine ACGs, as the following counterexample shows. Let ¢ € G2,
(2,1,1) consist of the following lexical entries:

X € 6 To(X) Z1(x) Z5(x)

A s i #
B §— 8 — 8| AxY°’.# | A\x%y°.cay

Then,
O(9) = {#} x T(2,).

Suppose that there is a linear ACG &' € G{l%, ;,0.(2, 1, 1) generating this lan-
guage. Without loss of generality, we assume that each vocabulary contains
neither useless constants nor useless atomic types. For ¢’ = (X{, ¥, X9, 4,
L5.8), let G = (30,31, .4, 8). By O(4) = {#} and thus €] = {#}, we
easily see that every abstract constant a € % has nullary or unary type,
because the only closed linear terms in A" (X)) of second-order types are

Ax.x and #. Let

h = max ({ height(|.%;(a)|s) | a € 6; and 7((a) =p € o }
U { height(|-Z;(a)#ls) | a € €; and 75(a) =p — q})

where the height of a tree is defined as usual. It is easy to see that cPP €
T(X;) — O2(¥’) for any tree P € T(X3) of height h.
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5.7 Summary

Although symmetric treatment of syntax and semantics of natural language
is an important appeal of the ACG formalism as de Groote [15] states in
his first paper on the ACG, the mathematical properties of two-dimensional
extensions of ACGs have not been studied well so far. This chapter has
investigated the mathematical properties of 2D-ACGs, particularly the gen-
erative capacity of second-order 2D-ACGs. We have evaluated the genera-
tive capacity of 2D-ACGs by encoding existing two-dimensional formalisms,
namely, linear macro tree transducers (linear MTTs), synchronous tree ad-
joining grammars and deterministic tree walking transducers.

Table 5.1 summarizes the generative capacity of second-order 2D-ACGs
revealed in this chapter and preceding research, which has already shown that
finite state transducers [15] and synchronous tree substitution grammars [58]
are encodable by 2D-ACGs. The fact that several transducers, which define
relations of two languages in asymmetric ways, are encoded by ACGs, which
define relations of two languages in symmetric ways, can be thought of as
a variation of Nivat’s characterization of finite transducers by bimorphisms.
Through simulation of transducers, which model syntax-directed semantics,
by 2D-ACGs, we have shown how rich the expressive power of 2D-ACGs is.

The encoding methods for linear tree transducers, linear MTTs, and
synchronous tree substitution grammars are indeed straightforward as well
as de Groote and Pogodalla’s encodings for the variety of context-free for-
malisms. Therefore, ACGs generalize two-dimensional formalisms as well as
one-dimensional ones.

There are several subclasses of 2D-ACGs whose generative capacity re-
mains unclear. It is future work to characterize the expressive power of those
subclasses.

Table 5.1: Hierarchy of second-order two-dimensional ACGs

Finite State Transducers C | Gtring,string (2, 2, 2)
Linear Tree Transducers = | Giree tree(2, 1(s1), 1)
e-free Linear Tree Transducers = | Giree tree(2, 1(1), 1)
Linear Macro Tree Transducers = | Giree tree(2, 1(s1), 2)
e-free Linear Macro Tree Transducers = | Giree tree(2, 1(1), 2)
Synchronous Tree Substitution Grammars | C | Gyee tree(2, 1, 1)
Synchronous Tree Adjoining Grammars | C | Giyee tree(2, 2(mon), 2(mon))
Deterministic Tree Walking Transducers | C | Giree string(2, 1(r), 4)
Gitring string (2, 11, n2) for ny, ng > 4 = | Gstringstring(2, 4, 4)







Chapter 6

Higher-Order Interpolation in
the Linear Lambda Calculus

The main result of this chapter has been published as [59].

6.1 Introduction

Parsing with ACGs and Interpolation

As pointed out by de Groote [15] and Pogodalla [42], parsing with ACGs
is closely related to higher-order interpolation in the linear lambda calculus,
though they are still different problems. Let M be a member of the abstract
language A(¥) of an ACG ¢, and M, be obtained by replacing all occurrences

of constants by fresh variables z1,...,z,. Then, M can be represented as
M = ()\371 c. SCn.M(])al ...a, € A(g) (61)
for constants aq,...,a, appearing in M (multiple occurrences of the same

constant are allowed). By the lexicon .Z of ¢, the equation (6.1) becomes
ZL(M)=P=PFZL(a1)...%(a,) € O9) (6.2)

where P, is identical to Z(A\zy...x,.My) except for the type assignment.
The problem of checking whether P € A(X;) belongs to O(¥) thus becomes
that of finding a linear combinator A\z;...z,.My and constants aq,...,a,
satisfying (6.2). If each a; and thus P, = Z(a;) is known, it reduces to
finding a linear combinator X such that

P=XP ... P,

137
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This problem is called higher-order interpolation in the linear lambda cal-
culus, which is a restricted form of higher-order matching. For instance, if
a string ACG has no lexical ambiguity, that is, for each object constant c,
there is a unique abstract constant a such that #(a) contains c, then we can
uniquely determine the constants ay, . .., a, that should appear in M € A(¥),
immediately from the given object term P. De Groote [14] has shown the
matching problem in the linear lambda calculus is in NP, while it was open
in the general case when he introduced ACGs. This gives an explanation
why de Groote [15] defines the ACG formalism on linear lambda calculus.
Motivated by this perspective, this chapter is devoted to investigating the
complexity of the higher-order interpolation problem in the linear lambda
calculus. We discuss the problem beyond the application of parsing with
ACGs.

Higher-Order Matching in the Linear Lambda Calculus

While the second-order unification problem modulo 5 and (7 [12] and the
sixth-order matching problem modulo § are undecidable [32], Stirling [54]
recently shows that matching problem modulo gn is decidable. On the
other hand, there are some results on the complexity of matching in the
linear lambda calculus. These results hold for both § and gn-matching.
De Groote [14] shows that matching in the linear lambda calculus is NP-
complete, and by extending his result, Dougherty and Wierzbicki [5] show
that matching in the affine lambda calculus is NP-complete. We call match-
ing linear if the linearity is imposed on occurrences of unknowns, i.e., each
unknown occurs exactly once in the problem instances. Salvati and de
Groote [46] prove that NP-hardness of the second-order linear matching prob-
lem in the linear lambda calculus. Besides, Salvati [44] give an algorithm for
solving linear matching in the linear lambda calculus. There is another re-
sult on matching involving the linearity given by Levy [30]. He gives some
conditions under which second-order unification with the restriction that a
solution must substitute linear A-terms for unknowns is decidable.

In Salvati and de Groote’s paper [46], they also discuss the interpolation
problem. Regrettably, Salvati and de Groote’s proof of NP-completeness of
third-order interpolation in the linear lambda calculus contains an error. In
this chapter we correct the flaw and prove NP-completeness of third-order
interpolation in the linear lambda calculus.

While no free variable occurs twice or more in a linear A-term, the number
of occurrences of constants is not constrained. Since constants behave like
free variables, it is natural to asks whether NP-hardness still holds when we
exclude constants from problem instances. This chapter shows that fourth-
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order interpolation in the linear lambda calculus is NP-complete even in the
absence of constants. Therefore, multiple occurrences of constants do not
play an essential role for NP-hardness of higher-order matching in the linear
lambda calculus.

6.2 NP-Complete Problems

Definition 6.1. Let V be a finite set of Boolean variables. Introducing a twin
=V ={-w|v €V} of V, we call elements of V and =V positive literals and
negative literals respectively. We then define the set of literals as YV U=V, A
formula in conjunctive normal form (CNF) F on V is a collection of clauses
which are non-empty subsets of V U =V. A valuation ¥ on V is a mapping
from V U=V to {0, 1} such that ¥(v) + ¥ (—v) = 1 for all v € V. A clause
C € F is satisfied by a valuation 1 via a literal w € YV U =V iff w € C and
Y(w) =1. A CNF F is satisfied by a valuation 1 iff every C € F is satisfied
by ¥. A CNF F is satisfiable iff there is 1) that satisfies F.

The satisfiability problem is the problem of deciding whether a given CNF
F is satisfiable or not. It is well known that the satisfiability problem is NP-
complete [4].

Definition 6.2. An mP-CNF F is a CNF such that each positive literal
v € V occurs exactly m times in F. An nN-CNF F is a CNF such that each
negative literal —v € =) occurs exactly n times in F.

A CNF F is polarized iff each clause C € F contains only positive literals
or only negative literals. We call a clause C positive if C C V, and negative

it C C =V.

By combining the above definitions we define an mPnN-CNF to be a
CNF which is at the same time an mP-CNF and an nN-CNF.

We call variants of the satisfiability problem whose instances are restricted
to CNFs in a special form with the modifier expressing that form.

Theorem 6.3. The polarized 2P1N-satisfiability problem is NP-complete.

Proof. For a given CNF F on V, we may assume that for each v € V, the
positive literal v occurs exactly the same number of times as the negative
literal —v in F. Otherwise, if v occurs m times more than —v, we add
appropriate number of clauses {—w,u;, ~u;} to F for 1 < i < m where u;
are new Boolean variables. If v occurs m times more than —v, add clauses
{v,u;, ~u;} for 1 < i < m. Now, for a given CNF F on V = {vq,..., v} such
that the positive literal v; occurs exactly the same number of times as the
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negative literal —v; for each Boolean variable v; € V', we construct a polarized
2PIN-CNF F’ on V' such that F is satisfiable iff F’ is satisfiable. Let m;
be the number of occurrences of the positive literal v; (thus of the negative
literal —w;) for each v; € V.

1. Let V,:{U@'J,'I_Ji,j ‘1§Z§l, 1§]§m2}

2. Replace the j-th occurrence of the positive literal v; in F with v, j,
and the j-th occurrence of the negative literal —v; in F with v; ; for
1<j<m,.

3. Add the clauses {v;;,v;;} for 1 <j <my, {—-v;;,70; 41} for 1 < j <
my, and {_'Ui,mm _',Iji,l}~

By the construction, F’ is a polarized 2P1IN-CNF. It is clear that if F is
satisfied by a valuation ¢, then F’ is also satisfied by ¢’ such that ¢'(v; ;) =
Y(v;) and ¢ (v; ;) = Y(—w;) for all j € {1,...,m;}.

Conversely, suppose that F’ is satisfied by a valuation ¢’. We show that
Y'(vij) = Y (vi1) and ' (0;;) = ¥'(—w; ;) for all 7 € {1,...,m;}. Then we
easily see that the valuation v such that ¢ (v;) = ¢'(v; 1) satisfies F.

If ¢/ (v;1) = 1, then ¢'(v;2) = 0 by {—v;1, 0,2} € F'. By {vio,vi2} € F',
we see 1'(v;2) = 1. This way we see that ¢/(v; ;) = 1 and ¢/(v; ;) = 0 for
2 S] S m;. By {_‘Ui,mia _'172‘71} S ./T/, we get w/(@i,l) = 0.

If ¢'(vi1) = 0, then ¢'(v;1) = 1 by {vi1, 051} € F'. By {—Wim,, i1} €
F', we see Y (; ;) = 0. Similarly to the previous case, we see that ¢'(v; ;) =
0 and ¢'(v; ;) =1 forall j € {1,...,m;}. O

Definition 6.4. The string rearrangement problem is the problem of de-
termining whether there is a permutation 7 on {1,...,m} such that w =
Wr(1) - - - Wr(m) for a given string w and a sequence of string (W1, .oy W ).

Theorem 6.5. The string rearrangement problem is NP-complete.

Proof. Clearly the problem is in NP. The NP-hardness is shown by a reduc-
tion from the polarized! 2P1N-satisfiability problem. Let F = {Cy,...,Cpn,
Dy,...,D,} be a polarized 2PIN-CNF on V = {vy,...,v;} where each C; is
a positive clause and each Dy, is a negative clause. Since for any valuation v,
for each variable v; € V), there are at most two clauses that are satisfied by
via v; or —w;, we can assume that 2/ > m +n. If 2l < m + n (it is decidable
in polynomial time), F is not satisfiable.

IThe polarity is not a mandatory requirement for this proof.
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We define strings w,x;,y; for 1 < ¢ < m, 1 < j < n on the alphabet
V=A{cy,...,cm,dy,...,d,, f} by

w =vy...v; with v; = fc,; 1 fdyg)feuunf,
where yi(i, h) = j if the h-th occurrence of v; is in C; for h = 1,2,
and v(i) = j if the unique occurrence of —w; is in D;;,

x; = fo;f for 1 <@ < m,

y; = fd;f for 1 <7 < n.

We see that
w) > Y 0+ S )
1<i<m 1<i<n

for all a € V. If a is either c; or dy, then > 7 ;. #a(x:) + D0 i, #alyi) =
1. Since each clause is not empty, #.(w) > 1. If a = f, then #,(w) =
41 > Zlgz‘gm #a(x;) + Zlgz‘gn #.(y;) = 2(m + n) by the assumption that
2l > m + n. Therefore, because the length of w is 7/ and the sum of the
lengths of x; and y; for all i € {1,...,m} and j € {1,...,n} is 3(m+n), one

can find z, ..., z7_3(m4n) € V such that
#a(w) = Z #a(xi> + Z #a(yz) + Z #a(zi)
1<i<m 1<i<n 1<i<7l—3(m+n)
for all a € V.

We show that there is a valuation v that satisfies F iff there is a permuta-
tion on the sequence (X1, ..., Xm, Y1s- -, Yn,Z1, - - - 7Z7l73(m+n)> that rearranges
it to coincide with w.

First we show the “if” direction. Suppose that (Xi,...,Xm, Y1, -+, Yn,Z1,

.., Z7—3(m+n)) can be reordered to be equivalent to w. Then, each x; for
1 < j < mis used as a substring of v; for some ¢. and each y; for 1 < j <n
is used as a substring of v; for some i. We define a valuation ¢ on V as
follows:

1 if x; is used as a substring of v; for some 7,
() =<0 if y;. is used as a substring of v; for some k,

any value otherwise.

Indeed v is well-defined. We cannot use both x; and y;, as substrings of v; at
the same time, because of the occurrences of the symbol f. Each clause C; is
satisfied by 1 with the literal v; if x; is used as a substring of v;, and Dy, is
satisfied by ¢ with the literal —w; if y, is used as a substring of v;.
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Conversely, if ¢ satisfies F, one can find ¢ : F — V U =V such that
#(C) € C and Y(¢(C)) = 1 for all C € {Cy,...,Cn,Dy,...,Dy}. It never
happens that ¢(C;) = v; and ¢(Dy) = —v;. Thus we can use each string x;
as a substring of v; if ¢(C;) = v;, and each string y, as a substring of v, if
¢(Dy) = v;. By the definition of z; for 1 <1i <7l —3(m +n), we can reorder
X1y ooy Xms Y15 o5 Yny Z1s - - - Z71—3(m4n) 1O be equivalent to w. O

6.3 Definitions

In this chapter, we extend the notion of A-term introducing new atomic
terms, called unknowns. In order to distinguish the extended class of A-
terms from usual unknown-free A-terms, we call the latter pure terms. The
set of unknowns are denoted by % and the letters X and Y are used for
unknowns. Unknowns can be considered as a kind of variables that are never
bound, and should be substituted for by pure terms.

The definitions of A(X) and the type 7(M) of a term M € A(X) are now
extended as follows:

e For every a € ¢, a e A(X).

e Forevery z € 2 and o € T (), z* € A(X) and 7(z%) = a.

For every X € % and a € T(&/), X* € A(¥) and 7(X*) = a.

For M, N € A(X), if 7(M) = (o — ), 7(N) = a, then (M N) € A(X)
and T((MN)) = g.

eftorx € 27, a € T(&) and M € A(X), (Az*.M) € A(X) and
T(Ax*.M)) = (v — 7(M)).

Other notions related to A-terms, such as closed terms, linear terms, etc.,
are defined in the same way as in Chapter 2. Note that a closed term can
contain unknowns and that unknowns may occur any number of times in a
linear term.

Definition 6.6. A wunification equation is a pair of closed terms (L, R) of
the same type. Let X be the unknowns in (L, R). A substitution o = [N /X]
where N is a sequence of pure terms is a solution for (L, R) modulo 3 iff
Lo =5 Ro. o is a solution for (L, R) modulo n iff Lo =g, Ro. A matching
equation is a unification equation (L, R) such that R is a pure term. An
interpolation equation is a matching equation (L, R) such that L has just
one occurrence of just one unknown as its head, i.e., L = XL ... L,,, where
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each L; contains no unknowns. The order of a unification equation is defined
to be the maximum of the orders of the types of the unknowns appear-
ing in the equation. The wunification, matching, and interpolation problem
modulo 3 (Bn) are decision problems which ask whether or not there is a
solution modulo ( ((n) for given unification, matching, interpolation equa-
tions respectively. The unification, matching, and interpolation problem in
the linear lambda calculus allow only linear A\-terms as problem instances and
solutions.

6.4 Interpolation in the Linear Lambda Cal-
culus

While every interpolation equation (XL ...L,, R) has a trivial solution
Az1 ... 2. R/X] (x; € FV(R)) in the (general) lambda calculus, the inter-
polation problem in the linear lambda calculus is not trivial. That the in-
terpolation problem in the linear lambda calculus is in NP is an immediate
corollary of the following theorem.

Theorem 6.7 (de Groote [14]). The matching problem in the linear lambda
calculus is NP-complete.

Theorem 6.8 (Salvati and de Groote [46]). Second-order matching in
the linear lambda calculus is NP-complete even if every unknown appears
exactly once.

Salvati and de Groote [46, Proposition 3] have claimed that third-order
interpolation in the linear lambda calculus is NP-complete by a reduction
from the 1N-satisfiability problem (Theorem 6.3). For a given 1IN-CNF
F ={C,....Ch} on V = {vy,...,u}, they define a third-order interpo-
lation equation (L, R) on ¥ = (&, €, T) as follows:?

o = {0}, €= {acg| 1< <m},
7(a) = o0, T(c;) = 0™ o0, 7(g) = o' — o,

L=X(A\z]...20.c121 ... Ty) - . (AT .. X0 .CnT1 .+ - Ty),

R=gVi...Vifor V,;=N,P,,... P,

c;a™ ifv; € Cy,

where N; = ¢; for -v; € Cj and P, ; = _
a otherwise.

2An inessential change is made to the original reduction to facilitate comparison with
our reduction.
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We present a counterexample to their claim that F is satisfiable iff (L, R)
has a solution. Consider their reduction from the following IN-CNF F:

INSTANCE F: (i = {Ul}, Cy, = {_\Ul}
REDUCTION <L, R> L= X()\Qll.TQ.Cll’ll’z)()\SCl.TQ.CQl’l.TQ)
R = g(ca(craa)a)

If their reduction is correct, (L, R) has no solution, since F is not satisfiable.
In fact, however, [Ay?gﬂoyfﬂ“.g(yQ(ylaa)a)/X] is a solution for (L, R).

Actually, the proposition that third-order interpolation in the linear lambda
calculus is NP-complete is an easy corollary to the NP-hardness of the string
rearrangement problem.

Proposition 6.9. Third-order interpolation modulo 5 (Bn) in the linear
lambda calculus is NP-complete even if all the constants, variables (other
than the unknown) and arguments of the unknown in the problem instances
have types o or o — o.

Proof. Let the pair of w and (wy, ..., w,,) on an alphabet be an instance of the
string rearrangement problem. Clearly it has a solution iff the interpolation

equation
(X/wy/ .o W/, Jw/)
admits a solution. O

It is not hard to show that the second-order interpolation problem in
the linear lambda calculus is in P. If a given instance (XL; ... L,,, R) of the
interpolation problem in the linear lambda calculus is second-order, then all
L; have atomic types. (XLj...Ly, R) has a solution [A\z;...z,.5/X] iff R
can be represented as R = S[Li/z1, ..., Ly /zn], because substituting a term
of an atomic type for a variable produces no new -redex. Thus, the following
procedure determines whether (XL ... L,,, R) admits a solution.

let £L:={Ly,...,L,} and S := R;

while £ # @ do
take L; € L such that L; is not a proper subterm of any elements of L;
let £:=L—{L;};
if there is S’ such that S = S'[L;/z] and z; occurs exactly once in S’

then let S := 5’
else output “NO” and halt;
end if
end while
output “YES” (Az1...2,.5 is a solution);
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In the next section, we will show that interpolation in the linear lambda-
calculus is still NP-hard even in the absence of constants. For this purpose,
we present another proof for the NP-hardness of third-order interpolation in
the linear lambda calculus by a reduction from the polarized 1N-satisfiability
problem in the remainder of this section. The reduction is an elaboration
of the one by Salvati and de Groote. We then eliminate constants from the
new reduction with a certain technique, which does not work for the simple
reduction in the proof for Proposition 6.9.

Definition 6.10. Let F = {Ci,...,Cy, D1, ..., D,} be a polarized IN-CNF
on V = {vy,...,v} where each C; is a positive clause and each Dy is a
negative clause. First we introduce the following two functions p : {1,... 1} X
{1,....m} = {0,1,....m}and v : {1,...,1} — {1,...,n} which represent
the positive and negative occurrences of each Boolean variable respectively:

pr (i, 5) :{ ’

0 otherwise,

V]:(’i) = k for ;€ Dk

We then define an interpolation equation (Lz, Rz) on a higher-order signa-
ture ¥ = (&7, %, 1), where &/ = {o}, € = {c;,di,f,g | 0 < j < m and
1 <k <n}, and 7(c;) = 0, 7(dx) = 0™ — 0, 7(f) =0 — 0, 7(g) =0 — o.
Let

Lr=XC,...CoD;...D,
C; = fc,
where ¢ Dy = Az§...2° dp(fzy) ... (fxy,),
7(X) = 0™ — (0™ — 0)" — o0 and ord(X) = 3,
Rr=gV1...V,
where V; = d,q)(feui)) - - - (feugim))-

The intuition behind the reduction is the following. Each C; in Lz rep-
resents the positive clause C; and each Dy in Lz represents the negative
clause Dy. Each V; in Rz represents the occurrences of the Boolean variable
v; € V in the clauses of F. V; contains c¢; for j # 0 (respectively dj) iff
v; appears in C; (resp. —w; appears in Dy). If F is satisfied by a valuation
1, then for each C; (resp. Dy), there is v; € C; (resp. —v; € Ci) such that
W(v;) = 1 (resp. ¥(—w;) = 1). In this case, we can construct a solution
AY1 ... YUmz1 ... 2,.8U1 ... U/ X] which puts the argument C; (resp. Dy) of X
into U; via y; (resp. z;) and makes U; equivalent to V; by f-reduction (see
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Example 6.11). Conversely if (Lz, Rr) has a solution [S/X], then S must
be of the form Ay;...ym21...2,.8U1...U; and must put each argument C;
(resp. Dy) of X into U; for some i via y; (resp. zx) by the linearity. Then, one
can find a valuation ¢ such that if S puts the argument C; (resp. Dy,) into
U;, then v satisfies C; via v; (resp. Dy, via —w;). The presence of the constant
f is the essential difference between Salvati and de Groote’s reduction [46]
and ours. Due to the number of occurrences of f in V; for each i, C; and
Dy, cannot simultaneously be put into the same U; for any j and k. This
corresponds to the fact that any valuation ¥ on V cannot simultaneously
satisfy C; via v; and Dy, via —w; (see Example 6.12).

Example 6.11. INSTANCE F: (C; = {Ul}, Cy = {?Jl,’l}g}, D, = {_|?J1, _|1)2}
REDUCTION <L]:, R}‘) : L]: = X(fC1)<fC2) (Axll’gdl(fSUl)(flUg))
R]: = g(dl(fcl)(fCQ)) (dl(fCQ)(fCQ))

Let 1 be defined as 1(v1) = 1,9¥(vy) = 0. Corresponding to the fact
that 1 satisfies C; via vy, Cy via vy, and D; via —w, we give a solution
[Ay1y221.8U1Uz/X] which puts the argument C of X into Uy, Cy into Uy,
and D; into U,. That is, we give a solution [S/X] where

S = My1y221.8(diy1y2) (71¢0C2).
Indeed, we obtain
Lz[S/X] = SC1C3D; — 45 g(d1C1Cs)(Dicoca) — 5 Ry
Example 6.12. INSTANCE F: C; ={v1}, Co = {vo}, D1 = {—wy, s}
REDUCTION (L, Rr): Ly = X(fcy)(fea) (Azy@e.di (fay) (f2p))

Ry = g(di(fey) (feo)) (di (feo) (fea))

F is not satisfiable and (Lz, Rz) has no solution. e.g.,

LF[)‘ylyQZl-g(dlyl(fCO)) (21C092)/X]
3 g(dl(fcl)(fco)) (dl(fCQ)(f(fCQ)))
#3 Rr.

Lemma 6.13. (Lz, Rr) admits a solution whenever F is satisfiable.

Proof. Suppose that F is satisfied by a valuation 1. Then, for each clause
of F, one can choose a literal via which ) satisfies the clause. Let a function
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¢ from F to V U=V be such a choice. That is, ¢(C;) € C;, ¥(4(C;)) = 1,
&(Dy) € Dy, and (¢(Dy)) = 1. Define S by

S= M1 Ymzr-- 20801 ... U

[ = )@ - Cum) i 6(Doy) = i,
‘ d@yUip - Uim otherwise,

Ui, = {yj if ¢(Cj) = vi,

fcuij)  otherwise.

First we confirm the linearity of S. Each z; indeed occurs exactly once in
S, since z appears in U; iff ¢(Dy) = —w;. For y;, let i be such that ¢(C;) = v;.
Then, 9 (v;) = 1 and thus ¢(D,q)) # —wv; because ¥(4(D,(;))) = 1. Hence,
Ui =dyUia ... Ui and the only occurrence of y; in S is in U; ;. Therefore,

Sisa linear /\-term.
In order to see that Lz[S/X] —3 Ry, it is enough to check that U;oc —3 V;

for the substitution o = [C1/y1, ..., Cin/Ym, D1/21, ..., Dn/zn]. If ¢(Dysy) =
—w;, then

Uio = Dy)Cu(i1) - - - Cu(iym)
= ()\1‘1 L dy(i (f:L‘l) e (fl‘m))C“(M) .. .Cﬂ(i7m)
e d (fcu (i 1)) (fcu(i,m))
=V,.

If ( (i) 7# —w;, then it is easy to see that U; ;o0 = fc,i ). If ¢(C;) # v,
Ui E fcu(w)a = fcyi ). Otherwise, ¢(C;) = v; implies u(i,j) = j and
U yjo = C; = fc; = feyiy). Thus,

UZ'O' = dl/(z')Ui,l e Ui,mO' —g dy(z) (fc,u(i,l)) R (fcﬂ(l-7m)) = ‘/z O
Lemma 6.14. F is satisfiable whenever (Lz, Rx) admits a solution.

Proof. Suppose that [S/X] is a solution for (Lz, Rz). We can assume that
S is in long normal form and S = Ay;...ym21...2,.5". Let o denote the
substitution [C /¢, D/Z]. Since S'c —5 Rz, S’ must be equal to gU; ... U,
for some A-terms U; such that U,oc —3 V;. It is obvious that the head of
each U; is either z,(; or d,;). We show that F is satisfied by the valuation
1 defined as follows:

0 if the head of U; is 2z,
Y(v;) = { v

1 otherwise
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We show that each positive clause C; € F is satisfied by . Suppose that
y; appears in U;. Then, the head of U; cannot be z; for any k, because if both
y; and z; are in U;, U;o contains at least (m + 1) occurrences of f, so U;o
never J-reduces to V;, which contains exactly m occurrences of f. Thus, the
head of U; is d,;) and v (v;) = 1. Since y;o = fc;, U;o and V; must contain
c; and this implies p(7, j) = 7, i.e., v; € C;. ¢ satisfies C; via v;.

We show that each negative clause Dy € F is satisfied by ¢. Suppose
that z; appears in U;. Since zio contains di, k& = v(7) and the head of Uj; is
2. Therefore, ¥ (v;) = 0 and —w; € Dy. 1 satisfies Dy, via —w;. O

Proposition 6.15. Third-order interpolation modulo 3 (8n) in the linear
lambda calculus 1s NP-complete.

Proof. By Theorem 6.7 and Lemmas 6.13 and 6.14. U

6.5 Elimination of Constants

In this section, we show that the interpolation problem in the linear lambda
calculus is NP-hard even if there are no constants, by eliminating constants
in (Lz, Rr) in Definition 6.10.

For general unification problem, it is easy to construct a constant-free
(P*,Q*) from a unification equation (P, @), such that (P, @) has a solution iff
(P*,Q*) has a solution. We obtain P* and Q* by successive transformations
performed on P and Q: first we replace the constants a by fresh variables d,
then we replace each unknown X; with Y;a and finally we abstract the free
variables. If [S;/X;] is a solution for (P, Q), then [Ad.S}/Y,] is a solution for
(P*,Q*), where S* is obtained by replacing each constant a by the variable
a. If [Sf/Y;] is a solution for (P*, Q*), then [S;a/X;] is a solution for (P, Q).

However, such a transformation does not work for the unification prob-
lem in the linear lambda calculus, because free variables can occur at most
once in a linear A-term, while constants can occur any number of times. To
construct a linear interpolation equation (L% = YC}...C! D;... D}, R})
by eliminating constants from (Lz, Rr) defined in Definition 6.10, we adopt
the following strategy:

e Let T be among C4,...,C,,, D1,...,D,, Rr.

e Let 7" be the result of replacing occurrences of each constant in 7" with
suitable free variables or A-terms constructed from free variables.

o Let 7" = AZ.T" for a sequence 7 of the elements of Fv(T").
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The main issue is what variable or A-term each occurrence of a constant
should be replaced with. The formal definition and an example are given
in Definition 6.16 and Example 6.17. We give the basic strategy of our
transformation here. First, for each constant a, we provide an atomic type
pa- Second we replace the i-th occurrence of a in 7" with the application
T, Y, Of variables x,; of type p, — 7(a) and y,; of type p,. Finally, we close
T by Axy. This way, we can avoid identifying A-terms which are surrogates
for distinct constants of the same type, while preserving the well-typedness
and the linearity of the interpolation equation. If (Lx, Rz) has a solution
[S/X], then (L%, R}) also has a solution [S*/Y] which does not essentially
differ from [S/X]. Each occurrence of a constant a in S is replaced with
the application z,;y,; of two bound variables of R% for the appropriate i.
Moreover, [S*/Y] lets the arguments 7™ of the unknown Y be applied to
bound variables of R’% which constitute the surrogates for constants which
appear in 7'.

A major problem is that one may construct a solution which causes a sub-
stitution of a complex A-term for the bound variable x, ; of an argument 7™ of
the unknown Y, since a A-term which has the type p, — 7(a) is not necessar-
ily a bound variable z, ; in R’ for some j. For instance, consider the interpo-
lation equation (X/ac//b/, /abc/) where 7(a) = 7(b) = 7(c) = str. Clearly
it has no solution. By applying the above conversion to (X/ac//b/, /abc/),
we obtain the following equation:

(Y (AaberyPeg b ybe 20 gy, (2cye2)) (Axﬁbﬁmyﬁbzo.xbybz),
ADe Sy o g POy Do pesstr pe 0 g, (z6ub(Tcyez)) ),

but, this has a solution

(pa— str)—pa— (pc—>str)—pc—str_ (pp— str)—pp— str
[Awy Wy :
— str Pp—>Str | Db . pe— str o
)\:L,ga ygaxb Yb xf:)c yfc~w1$aya ()\Ufcz -w2$byb(xcvcz))yc / Y]

This is the reason why we do not employ the reduction from the string
rearrangement problem as in the proof of Proposition 6.9 for constant-free
cases. Fortunately, we can tightly restrict A-terms that can be substituted
for bound variables in the arguments 7™ of Y, when we employ the reduction
in Definition 6.10 as a basis for the new reduction. Recall that in (Lz, Rz)
in Definition 6.10, ¢; is always an argument of f, fc; is of d; for some £, and
a A-term whose head is dy is of g. Hence we can let A-terms in (L%, R})
which are surrogates for c¢; have type g, surrogates for f have type ¢ — r,
surrogates for d;, have type r™ — t, and surrogates for g have type ' — w.

Now, we give a formal definition of the linear interpolation equation
(L%, R) for a given polarized IN-CNF F.
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Definition 6.16. Let F = {Cy,...,Cp,D1,...,D,} be a polarized IN-CNF
onV = {vy,...,u} where Cy,...,C,, are positive clauses and Dy, ..., D, are
negative clauses. Two functions p and v are defined as in Definition 6.10.
Let & = {pj,q,7, sk, t,u |0 < j<m,1 <k <n}. Let Wz be a sequence of
the variables in the set

- S — N i =Sy —r"—t _ . .
{Cpu(w) Epu(m) 4 pq—r dsv(l) ds() r ’gtl “|1§z§land1§j§m}.

,j g vJag 0 (i) (i)
(L%, R}) is defined by

Ly=YCT...C, Dy...D; where
Cr = Nfrrey ey f(eie))
D= AT T ferad L a ddi (e - (fa)
(YY) =7(CY) = - = 7(C}) = 7(D}) = --- = 7(D;) — 7(R%)
Ry = /\wf.gtl_’“Vl* ...V where

* __ *u(i)—’rm—’t Sv (i) q—7Pui,1) 749 Pu(i,1) q—7(Puii,m)—4 Pu(i,m)
Vi = 0 di,y(i)( il (Ci,l Ci1 )) . ( im (Ci,m Cim ))

Indeed the above A-terms are well-typed.

T(C)=(q—r)—(pj—a) —p;—r
T(D}) = (s = 1™ —t) = sp = (@g—1r)" = ¢" — t,

ord(Y) = 4.

Throughout this section, we use the following type assignment to variables
for 1 <i<I[,1<j7<mand]1 <k <n, which is consistent with the above
definition:

(e) =pj 7(e) =puiiy 7@ == 0 7(65) = Putiy) = 4
T(dk‘) = T(dz‘,k) = Sk, T(dk) = T(d@',k) =8, —1r" —t,
T(f)=7(f;) =7(fi;) =qa—r, 7(9)= th — u,

T(2;) = ¢, 7(y;) =7(C5),  7(z) = 7(Dy).
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Example 6.17. INSTANCE F : C; = {v1}, Co = {va}, Dy = {—vy, 0o}

REDUCTION WITH CONSTANTS (L, Rf) :
Ly = X(fer)(feo) (Az122.d1 (f) (f) )
Ry = g(di(fer)(feo)) (di(feo) (fez))
REDUCTION WITHOUT CONSTANTS (L}, R}) :
Ly=Y ()\félcl f(élcl)) ()\fEQCQ f(eac ))
(Ad1d1f1f2371372 did (frz1)( fows ))

Ry )\wf9<d11d11(f11 011011)(f12 12012)>
(dz 1d21(f21 C2,1C2,1 )(f22 C2,2C2.2 ))

where the type of each variable is as Definition 6.16. F is not satisfiable and
(Lz, Rr) and (L%, R%) have no solution. Note that

[Ay1y221W0r.g (Z1g1,1d1,1f1,1f1,2(51,101,1)(51,201,2))
(J2,1d2,1 (y1f2,1G21¢2,1) (y2f2,252,202,2)) /Y]

is not a solution for (L%, R%). (y1f21C21¢C21) is not a A-term of the simply
typed lambda calculus, for 7(y;) = (¢ — r) — (p1 — q¢) — p1 — r but
7(C2,1) = Pu(21) — ¢ =po — q and T(ca1) = Pu(21) = Po-

Lemma 6.18. (L%, R%) admits a solution whenever F is satisfiable.

Proof. Suppose that v is a valuation which satisfies . As in the proof of
Lemma 6.13, we can find ¢ : F — (V U —V) which indicates a literal via
which each clause is satisfied. We show that a solution is given by [S/Y]
where

S=M1. Ymz1 .- 2,Wr.gUy ..U where

U { Jm diwiyfin - o fim(Ciacin) o (CimCim) if ¢(D V(i) ) = -y,

d (%) dz w(3) U@ 1--- U Oth@rWlSG,
Uy = {yjfwéi’jcw if ¢(C;) = vi,

fii(@jci;)  otherwise.

Indeed S is a well-typed closed linear A-term. The linearity of S can be
checked as in the proof of Lemma 6.13. We check the well-typedness of S.
Recall that 7(2,4)) = (sp) — ™ — t) = 5,45y — (¢ = 7)™ — ¢ — {,
T(div@)) = S — ™ = t, T(dine)) = Su)s T(fiy) = ¢ — r and 7(¢5¢,5) =
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q. Hence, U; is well-typed and has the type ¢ if ¢(D,)) = ;. If ¢(Dygi)) #
—w;, it is enough to check that each U;; has type r. If ¢(C;) = v; and
Ui = y,fi;Cijcij, then v; € Cj, 7(¢5) = puy) — ¢ = p; — q and 7(c; ;) =
Puij) = pj- Recall that 7(y;) = (¢ = r) — (p; = ¢) — p; — r and
7(fi;) = ¢ — r. Hence, U, ; is well-typed and has the type r. If ¢(C;) # v, it
is clear that U, ; is well-typed and has the type r. Therefore, S is well-typed.

Second we show that L%[S/Y] -5 R%. By the definition, L%[S/Y] —3
Nr.gUs ... Upo for o = [C*/if, D*/ij]. Tt is enough to show that U;o —5 V*.
If (b(,Du(z)) = T, then

Uio = D;(i)di,u(i)di,u(i)fi,l cee fi,m(éi,lcz‘,l) cee (éi,mci,m)

3 Ji,y(i)di,y(i) (fz‘,l(éi,wi,l)) . (fzm(ézmczm))
=V

Otherwise, U; = Ji7y(i)dl-7,,(l-)Ui,1 ... Uim. Itis obvious that U, jo —3 fi (G jci )
for all j, since C;fi,jéi,jci,j g fm(émcm). U

Lemma 6.19. Suppose that a linear A-term M contains no free variables
other than the elements of Wr and Y1, ..., Ym, 21, - -5 Zn-

If M has an atomic type 0 and contains a subterm N of type vy — -+ —
Vi — v with v € o/, then v < § where < is the partial order on &/ such that
pi<qgsr<t<ufor0<j<mands, <t<uforl<k<n.

If T(M) =q—r, then M =, f;; for some i and j.

Lemma 6.20. Suppose that a subterm of a linear \-term M has an atomic
type p. Then, for every N such that M =5 N, N has a subterm of type p.

Lemma 6.21. F is satisfiable whenever (L%, R%) admits a solution.

Proof. Suppose that [S/Y] is a solution. We can assume that S is f-normal
and S = Ay ...ymz1 ... 2,wWr.S". Because of the type of the variable g in
R, the head of S’ is neither y; nor z;. S’ must be gU;...U; for some
Ui,...,Us of type t. Let o = [C*/¢, D*/Z]. Since SC;...C:Dr... D —p
Mig.gUy ... Ujo =g Mir.gVy ...V, we have U0 —3 V;*. Note that

(*) U; contains no free variables other than the elements of

VY U{y,z [ 1<j<m, 1<k<n}

= {di (i), diviys fig Cigs Cijs Yo 2 | 1 < g <y 1<k < mj.

Since U; has type t, the head of U; must be J@,,(Z-) or z; for some k.
First, we show that if U; contains z;, then zj is the head of U; and U;
contains neither y; nor z for any j and k' # k. Since z,o = Dj, contains a
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variable of type s, U;0 and its #-normal form V,* contain a subterm of type
s; by Lemma 6.20. This implies that & = v(i) and V;* contains no subterm
of type sy for any k' # k and thus U;o does so. Therefore, U; does not
contain zy for any k' # k. If U; = JLV(i)My(i)Rl ... Ry, for 7(M,)) = su0)
and 7(Ry) = r for 1 < h < m, then z; cannot occur in U; by Lemma 6.19.
Therefore, if U; contains z;, then Uj; is of the form

where 7(Ng) = s — ™ — t, 7(My) = s, 7(Fp) = ¢ — 7, and 7(Qp) = q
for 1 < h < m. is proved. We check that y; cannot occur in Ny, My, Q4
or Fy, for any h. It is obvious that y; is not in My, @, or Fj by (*) and
Lemma 6.19. Since N, does not contain z; for any &/, N, can be written as

where 7(Ry,) = r for all h (provided that v(i) = k). It is easy to see that if
wy, appears in some Ry, then Ry = wy,. Thus the sequence R; ... R, is just
a permutation of w; ...wy,. y; does not appear in Nj. Therefore, y; cannot
occur in U; unless the head of U; is Ji,y(i).

Now, we show that F is satisfied by the valuation v defined as follows:

o) {0 if the head of U; is a variable z; for some k,
Vi) =

1 otherwise.

By the linearity of S, each variable y1, ..., ym, 21, . - ., 2, appears in U; for
some 7. To show that each positive clause C; is satisfied by v, suppose that
y; occurs in U;. The above discussion claims that the head of U; is Ji,y(i) and
thus 9 (v;) = 1. Since y;o = C7 contains a variable of type p;, U;o and its
B-normal form V;* contain a subterm of type p; by Lemma 6.20. Therefore,
7(¢i ;) = Puij) = p; and v; € C;. Thus v satisfies C; via v;.

To show that each negative clause D, is satisfied by 1, suppose that zj
occurs in U;. The above discussion claims that z; is the head of U; and
k = v(i). Therefore, ¢ satisfies Dy via —w;. O

Theorem 6.22. Fourth-order interpolation modulo 3 (6n) in the linear
lambda calculus in the absence of constants is NP-complete.

Proof. By Theorem 6.7 and Lemmas 6.18 and 6.21. O

The order of the equation in Definition 6.16 is higher than the one in Def-
inition 6.10 by one, though the maximum order of the types of the variables
appearing in the former equation is the same as the one of the constants in
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the latter. The reason of the increase of the order is due to the presence of
A-abstraction.

It is easy to see that Theorem 6.22 does not hold for the third-order case
unless P = NP. For an interpolation equation (XLj...L,, R), if L; is a
constant-free closed linear A-term whose type is at most second-order, then
L; = M\al*.x; for some atomic type p; € «/. Hence (XL;...L,, R) has a
linear solution modulo 8 (resp. Bn) iff (resp. the n-long form of) R has a
subterm of type p; for every i by Lemma 6.20.



Chapter 7

Conclusions

This thesis has investigated the mathematical properties of some extensions
and restrictions of ACGs. In particular, the aspect of ACGs as a generaliza-
tion of well-established grammar formalisms is investigated.

In Chapter 3, we have shown that allowing deleting operations do not
enrich the expressive power of ACGs. The result entails the equivalence
between linear CFTGs and non-duplicating CFTGs, and between LCFRSs
and MCFGs, as corollaries. It is future work whether our procedure for
elimination of vacuous A-abstraction can be generalized so that Fisher’s result
[8,9] is covered.

In Chapter 4, we have proposed a lexicalization method of semilexicalized
ACGs which preserves the order of the abstract vocabulary. Our result en-
tails that LCFRSs admit lexicalization. Moreover, our lexicalization method
for second-order ACGs has a close connection with Schabes et al.’s preced-
ing research [47,48] that converts finitely ambiguous CFGs into lexicalized
TAGs. There remains an open question, whether or not second and third-
order semilexicalized ACGs can be lexicalized preserving the orders of the
lexicons. If this open problem is solved in the affirmative, it would give a solu-
tion for the corresponding problems for mildly context-sensitive formalisms.
To answer the question, it seems inevitable to analyze the possible forms of
object terms assigned to abstract constants by the lexicon.

In Chapter 5, we have presented that several well-known tree transducer
formalisms are encodable in two-dimensional ACGs. In particular, we have
seen the equivalence between linear macro tree transducers and ACGs be-
longing to Giee(2,1(sr),2). Therefore, the ACG formalism has the rich
potential as a general framework in which other existing two-dimensional
formalisms, as well as one-dimensional formalisms, may be encoded. The
hierarchy of second-order two-dimensional ACGs, however, contains many
subclasses whose generative capacity is not known yet, while the hierar-
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chy of second-order one-dimensional ACGs has been characterized almost
completely. More detailed characterization of the hierarchy of second-order
two-dimensional ACGs is future work.

Those results show that the ACG formalism can be thought of as a gen-
eralization of existing grammar formalisms in various meanings. ACGs en-
code not only individual grammars, but also operations on them, i.e., lin-
earization and lexicalization. Moreover, ACGs generalize two-dimensional
formalisms as well as one-dimensional ones. This thesis demonstrates that in-
vestigating ACGs is to study various mathematical properties of many other
well-established grammar formalisms including, but not limited to, mildly
context-sensitive grammars.

On the other hand, in Chapter 6, we have proved that third-order inter-
polation in the linear lambda calculus is NP-complete, and moreover, fourth-
order interpolation in the linear lambda calculus is NP-complete even when
we exclude constants from the problem instances. Those issues are not about
the ACG formalism itself, though they (in particular the former) are moti-
vated by a topic on ACGs.

Since the ACG is a simple formalism based on simply typed linear lambda
calculus, investigation of ACGs sometimes offers motivations and topics to
the fields of lambda-calculus and linear logic. For instance, Salvati [43] intro-
duces an extended type system for the linear lambda calculus, called syntactic
descriptions, for parsing second-order ACGs, and he also proposes an algo-
rithm for solving the linear matching problem in the linear lambda calculus
that utilizes syntactic descriptions [44]. Kanazawa [25] presents a new proof
for the Interpolation Theorem for the implicational fragment of intuitionistic
logic and its substructural subsystems, which would be used for an algo-
rithm that learns two-dimensional ACGs generating pairs of a string and its
meaning [24]. Conversely, since the simply typed lambda calculus has been
studied very well so far, we have plenty of useful tools for investigating the
mathematical properties of ACGs. Indeed, the basic mathematical proper-
ties of (lexicalized) ACGs shown in Chapter 2 and 5 are directly derived from
existing theorems on the intuitionistic linear logic, and moreover, other theo-
rems presented in this thesis rely on existing theorems and techniques in the
intuitionistic linear logic implicitly or explicitly. This thesis strengthens the
concept that the ACG formalism might be a linkage between mathematical
linguistics and logic.
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